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Abstract

We completely characterize the fundamental relationship between the exchange rate
and the asset pricing in the two denomination currencies involved when markets are
incomplete. Assuming arbitrage-free, perfectly integrated, frictionless but potentially
incomplete financial markets, the exchange rate is equal to the ratio of countries’
minimum-variance stochastic discount factors if and only if every exchange rate risk
can be separately contracted in asset markets, i.e., exchange rate risks are completely
disentangled. Abstracting from structural assumptions, the entanglement of exchange
rate risks presents a novel and pure market-based rationale for a disconnection between
prices and quantities in the international economy. Our study demonstrates when
and how the influential asset market view of the exchange rate does not pose strong
implications from the exchange rate dynamics on the macroeconomic fundamentals

and their pricing.
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1 Introduction

In frictionless and fully integrated international financial markets, the absence of arbitrage
opportunities implies an equality between the exchange rate and the ratio of stochastic
discount factors (SDFs) of the two countries when markets are complete. Because SDF's rep-
resent economic fundamentals and their risk pricing, the asset market view of the exchange
rate determination adopts this equality to relate exchange rates to countries’ pricing dynam-
ics. When markets are incomplete, an ambiguity arises due to the multiplicity of SDFs. The
asset market view postulates to employ the minimum-variance SDFs (a.k.a., SDF projectors)
in the above equality, as these SDF's are unique and pure market-based constructs linear in
asset returns. The postulated identification of the exchange rate with the ratio of SDF pro-
jectors is forthright but restrictive, leading to several strong asset pricing implications that

are difficult to reconcile with international macro and price data.

In this paper, we first establish a necessary and sufficient condition on asset markets
for the equality between the exchange rate and the ratio of SDF projectors. Our condition
provides a complete and unambiguous classification of incomplete markets into two groups:
the traditional asset market view of the exchange rate holds in the first, and it is rejected in
the second. This complete characterization gives rise to a broader and more flexible version of
the asset market view of the exchange rate determination that reconciles international price
patterns. To the extent that the asset market view has been extensively employed to interpret
the exchange rate dynamics from an asset pricing perspective, our finding emphasizes a
crucial but subtle role of the market completeness in such an interpretation. In particular,
asset prices are consistent with international macro data because exchange rate implications

on the pricing can be substantially weakened by the incompleteness of asset markets.

Specifically, we prove that the exchange rate equals the ratio of SDF projectors if and only
if every exchange rate risk can be separately contracted by trading assets, i.e., exchange rate
risks are completely disentangled in asset markets. Therefore, it requires the entanglement of
exchange rate risks, i.e., risks that impact the exchange rate but are not individually hedged

in asset markets, to deviate the exchange rate from the ratio of SDF projectors.! This

IThe formal definition of the exchange rate risk entanglement in a continuous-time setting is as follows



deviation relaxes the restrictive asset pricing implications in the traditional asset market
view by decoupling the exchange rate from countries’ pricing dynamics. That is, in the
presence of risk entanglement, a smooth exchange rate does not implicate a high correlation

between countries’ minimum-variance SDFs even when these SDFs are volatile.

Intuitively, risks are entangled in asset markets when they are collectively contracted in
relatively few financial assets so that at least some of the risks are not individually traded.
When exchange rate risks are entangled in FX markets, the asset sparsity enables a great
flexibility in the mapping of risks into prices. As a result, observing prices of the same set of
assets in all currency denominations does not suffice to unambiguously pin down the pricing
of individual risks impacting these assets in any currency. Such an ambiguity facilitates a
wedge between the exchange rate and ratio of SDF projectors, and therefore, mitigates the

perplexity that implications of these two quantities appear to conflict in the data.

For a perspective, the approach in the current literature addressing this disparity is
structural. By postulating and equipping the SDF with structural features, economic models
can enrich and decouple the dynamics between SDFs, macro fundamentals and the exchange
rate. Risk entanglement achieves this decoupling in a market-based approach. It sheds light
on an important question that remains open in the elaborate structural framework: what
is the relationship between the exchange rate and pricing dynamics (SDF projectors) when
markets are incomplete? Risk entanglement addresses this question in generality. We show
precisely that the absence of risk entanglement is both necessary and sufficient to identify the
exchange rate with the ratio of SDF projectors. By implication, risk entanglement breaks
this identity, and therefore, provides a possible justification for the counterfactuals that are
deemed impossible under the traditional asset market view of the exchange rate. By no mean
does the market-based risk entanglement rule out structural explanations of international
price patterns. The two approaches are not mutually exclusive, but enhancing. In fact,

when combined, risk entanglement helps lessen the burden on, and thus weaken, structural

(Definition 1). Suppose the exchange rate growth process consists of d diffusion and J jump risks. The
exchange rate risk is entangled in asset markets when there exists at least a jump that cannot be individually
replicated (hedged) by any portfolio of traded assets. In continuous time, jump risks and incomplete markets
are necessary for exchange rate risks to be entangled in asset markets because (i) pure diffusion risks can
always be rotated (redefined) and completely disentangled in all asset markets (Section 3), and (ii) risks of
all types are always completely disentangled in complete markets (by definition).



features needed in economic models to decouple SDF and exchange rate dynamics.

It is also instructive to contrast the risk entanglement approach in international asset
pricing models and the well known Hansen and Jagannathan (1991) (H-J) bound test of asset
pricing models. They share an important aspect that, by working with the market-based
projectors of SDFs, both are agnostic (model-free) about the unobserved structural features
(full SDFs) of the asset pricing model being examined. While the H-J test places a well-
defined lower bound requirement on the volatility of possible SDF's, risk entanglement acts
to mitigate restrictive bounds on the cross-country correlation between possible SDFs (which
are hard bounds in absence of risk entanglement). Whereas asset market configurations do
not alleviate the H-J bound, they are crucial to dilute the SDF correlation restrictions via

the risk entanglement in FX markets.

Our study presents two practical aspects of the incomplete asset market view of the
exchange rate. First, we introduce a measure to quantify the level of exchange rate risk
entanglement in asset markets. The risk entanglement index captures the difference between
exchange rate risk and the ratio of SDF projectors, both of which are market-based quantities.
Because risk entanglement is the necessary and sufficient condition for this difference to arise,
the risk entanglement index unambiguously implicates exchange rate risk entanglement in
FX markets. To the extent that returns and their conditional moments are observable, the

risk entanglement index is observable.

Second, we address the international correlation pattern, i.e., the empirically observed
disparity between smooth exchange rates and modest cross-country correlations of macro
quantities, in a numerical setup. The setup features exchange rate risk entanglement, which
rationalizes the disassociation of the exchange rate from pricing dynamics, and hence implies
their disparity. Assuming frictionless international financial markets,” the strength of this
approach is in the result that risk entanglement, as a necessary and sufficient condition,
is the only possible pure market-based mechanism to disconnect the exchange rate from
pricing dynamics. To stay true to the asset market view, our numerical setup does not

employ elaborate structural features. Their addition to the market-based approach of risk

2We assume no arbitrages, perfect integration, and no transaction costs in international financial markets.



entanglement enhances the flexibility of overall economic models.

Our paper is related to the literature studying the exchange rate dynamics from a market-
based perspective. The advantages of this approach is its model-free nature, employing the
most basic structural assumptions and making use of observable prices and exchange rate
data. Such an asset market view of the exchange rate determination starts with Frenkel
(1976), Kouri (1976), Mussa (1976), and also Dornbusch (1976). Early analytical relation-
ships between risk pricing dynamics and the exchange rate are obtained by Saa-Requejo
(1994), Zapatero (1995), and Backus et al. (2001). However, Lewis (1996), Obstfeld and
Rogoff (2000), Engel (2016) and references therein empirically show a perplexing trend of
disconnections between exchange rate dynamics and macro fundamentals. Our paper gen-
eralizes and hence also relaxes the implications of this asset market view to the incomplete

market setting of risk entanglement.

Brandt et al. (2006) articulate the puzzling aspects of the international correlation pat-
tern. Bakshi et al. (2017) and Chabi-Yo and Colacito (forthcoming) also suggest that SDFs
across countries are very similar and highly correlated. These papers do not assume a diffu-
sion model as in Brandt et al. (2006) but still rely on the assumption of complete markets.
An equilibrium literature addresses the pattern by employing various structural features,
including time non-separable preference (Colacito and Croce (2011)), heterogeneous sizes in
conjunction with non-tradable good consumptions of economies (Hassan (2013)), heteroge-
neous sizes in conjunction with imperfect substitutes of country-specific outputs but without
non-tradable consumptions (Martin (2013)), habit formation (Stathopoulos (2017)), and rare
disaster events (Farhi and Gabaix (2016)). Risk entanglement is a market-based approach,
and does not contradict or rule out structural approaches. Another literature addresses the
puzzle by employing various market frictions in structural models, including market segmen-
tation as in Alvarez et al. (2002), Chien et al. (2015), non-diversifiable risks as in Sarkissian
(2003)), limited financial infrastructures as in Maggiori (2017), Gabaix and Maggiori (2015),
and other frictions (e.g., Pavlova and Rigobon (2008), Favilukis et al. (2015)). While risk
entanglement does not require segmentation and other frictions, it is an imperfection of

incomplete asset markets.



Taking a different perspective, Burnside and Graveline (2019) question the equality be-
tween the exchange rate and ratio of SDF projectors, and consequently also question the
asset market view of the exchange. The current paper establishes risk entanglement in the
exchange rate as the necessary and sufficient condition for the above equality to break down.
We thus clarify that Burnside and Graveline (2019)’s observations apply when exchange rate
risks are entangled, while the traditional asset market view holds when exchange rate risks

are completely disentangled.

Lustig and Verdelhan (2016) employ a parsimonious incomplete international market
model suggested by Backus et al. (2001) to investigate three anomalies (namely the inter-
national correlation, Backus-Smith, and currency premium patterns). They characterize an-
alytically in log-normal settings, and numerically beyond log-normal settings, the difficulty
to match all three anomalies. Bakshi et al. (2018) and Sandulescu et al. (2017) estimate
SDFs and quantify the three puzzles if markets are segmented. Our current paper examines
only the international correlation puzzle as an application and works with fully integrated
markets. The paper instead focuses principally on formal aspects of an incomplete asset
market view of the exchange rate, employing exclusively the projection methodology. Mau-
rer and Tran (2016) offer a different risk entanglement perspective on generating multiple
exchange rates from given structural SDFs, and through this flexibility address the three
anomalies above by settling on an empirically relevant exchange rate solution. Whereas the
setup therein directly accommodates structural inputs, because of this modeling feature, it
does not establish a pure market-based view of the exchange rate. Only the SDF projector
construction, which relies solely on asset return inputs and is employed in the current pa-
per, explicitly enforces the pure market content and substantiates this view in incomplete

markets.

Looking beyond FX markets and the associated quantitative puzzles, our current pa-
per contributes to an important if technically challenging literature to quantify the role of

incomplete asset markets in the relationship between prices and quantities.

The current paper is organized as follows. Section 2 motivates the basics for the ex-

change rate risk entanglement in an intuitive discrete setting and elaborates details on the



applicability of Burnside and Graveline (2019)’s findings. Section 3 formalizes our setup to
study the incomplete asset market view of the exchange rate determination and presents
the main results of the paper. Section 4 introduces the risk entanglement index and cali-
brates the international correlation pattern. Section 5 concludes. Appendix A details the
construction of SDF projectors and notation employed in the main text. Finally, Appendix
B derives main results of the paper and offers further technical insights into the concept of

risk entanglement.

2 Asset Market View of the Exchange Rate: Numeri-

cal Illustrations

Before presenting a general discussion and technical aspects of the asset market view of the
exchange rate when markets are incomplete, we illustrate the key underlying relationship
between the exchange rate and the ratio of SDF projectors in two simple numerical examples.
We demonstrate the upholding of the asset market view in the first setting, and its failure

in the second.?

Assuming arbitrage-free, integrated and frictionless international financial markets, our
illustration proceeds as follows. We take as given (i) asset returns in the home currency
denomination, and (ii) the exchange rate process in an incomplete market. As interna-
tional financial markets are fully integrated, every asset traded in the home market is also
traded in the foreign market (and vice versa), and asset returns in the foreign currency de-
nomination are those in the home currency denomination multiplied by the exchange rate
factor. Knowing asset returns in home and foreign currency denominations, we construct
the unique minimum-variance SDF's for home and foreign countries. These SDF's are linear
in asset returns denominated in respective currencies, and are also known and referred to

as SDF projectors (Hansen and Jagannathan (1991)). Finally, we examine the relationship

3The specific examples and their inputs are among the simplest possible just to illustrate the upholding
and failure of the characteristic equation of the asset market view of the exchange rate determination. Hence
these input values are not intended to match empirical counterparts. A more realistic calibration is relegated
to Section 4.

4Evidently, this change of denominations applies either markets are complete or incomplete.



between the ratio of constructed SDF projectors and the exchange rate input. An equality
(inequality) indicates the upholding (failure) of the asset market view of the exchange rate
determination. All supporting derivations are relegated to Appendix A. General results in

continuous settings are presented in subsequent sections.

2.1 Confirming the Asset Market View

To illustrate the upholding of the asset market view of the exchange rate determination, we
consider a one-period (from t to ¢t 4+ 1) market setting of four non-redundant assets, and five
future states s € S = {1,...,5} to be realized at t + 1 with equal probabilities p(s) = 0.2.
Evidently, financial markets are incomplete because there are not enough assets to hedge
every risk state. Our convention for the exchange rate quotes the amount of e units of the
foreign currency that buys one unit of the home currency. The current exchange rate at ¢
is normalized to one. The set of possible realizations {e(s)} of the future exchange rate at
t + 1 is given in the setting, which is also the set of realized exchange rate gross growths in

our normalization.

The four asset returns are given in the home currency denomination, namely the gross

1+7‘F
e(s)

returns Yj(s), Ya(s) on two other assets, where ry and rp are home and foreign risk-free

returns By = 1+ ry and % = respectively on home and foreign bonds, and the gross
rates.” We assume values rg = 0.01 and rp = 0.04 for risk-free rates. Table 1 (columns 3

through 7) reports numerical inputs to our setting.

Based on these asset return inputs, we next construct unique home and foreign SDF
projectors that (i) are linear in asset returns, and (ii) price asset returns in the respec-
tive currencies. The SDF projector has minimum variance among all pricing-consistent
SDFs (Hansen and Jagannathan (1991)). Specifically, the home SDF projector My (s) is

determined by solving for coefficients {5, fr, 1, B2} in the linear construct, My (s) =

5In the home currency denomination, while the gross return on the home risk-free bond By = 1 + 7 is

independent of state s, the gross return on the foreign risk-free bond % = 1;2;{ varies with state s via the

exchange rate factor e(s).



state EXrate EXrate Asset Returns H’s Asset Returns F’s | Proj.
State in currency H Proj. in currency F Proj. | Ratio
S e |Bu 22 Vi Yo My |eBu Br i Yy My | 52
1 095 |1.01 109 0 1 0.099 |09 104 0 095 0.105| 0.95
2 Sh 095 |1.01 109 0 4 1.022]09 104 0 3.80 1.076| 0.95
3 095 |1.01 109 0 2 0407]09 104 0 1.90 0428 | 0.95
4 S 1.2 1.01 087 0 0 2589|121 104 O 0 2.158
5 S3 0.8 1.01 1.3 6 0 0833|081 104 480 0 1.042

Table 1: Upholding the Asset Market View of the Exchange Rate Determination, e(s) =

LG, Vs € {1,...,5): (i) all future states s € S = {1,2,3,4,5} have same probability

of 0.2, (ii) asset returns and exchange rate are given in term of their gross growths, (iii)
risk-free rates rg = 0.01 and rr = 0.04. SDF projectors are computed as linear functions of
asset returns in respective currency denominations, with numerical solutlons for coefﬁ01ents

as follows, {fy = 13.09, Bp = —12.27, 1 = 0.59, B> = 0.31} for My, and {ﬁH =941 ﬁF =
—8.90, B, = 0.56, B = 0.34} for Mp.

BuBg + BF% + B1Y1(s) + B2Ya(s), that prices all four returns in the home currency,’

B
E, [MyBy] =1, E {MH—F} =1, E[MpYi] =1 E [MyYs] =1

These four pricing equations constitute a linear system which uniquely determines the four
§ coeflicients, and thus, the home SDF projector My (s). We report numerical solutions
of these quantities in Table 1 and its caption, and relegate further details and derivation to

Appendix A.1.

Because international markets are fully integrated, foreign investors trade these same
four basis assets (and their portfolios). Therefore, asset returns to foreign investors are
spanned by these four basis asset returns denominated in the foreign currency, namely
{Bge(s), Br,Yi(s)e(s), Ya(s)e(s)}. A similar procedure then determines uniquely the foreign
SDF projector Mp(s) = EHBHe(s) —|—BFBF6(8) +B\1Y1(s)e(s) —|—§2Y2(3)e(s) from the returns
denominated in the foreign currency (of the same four assets). We also report numerical
solutions of the foreign SDF projector Mg (s) and the associated B coefficients in Table 1

and its caption.

6Technically, because By, %, Y1, Y5 are gross returns on assets, M HH(S) here denotes the gross growth
of SDF projected on the space of asset gross returns.



Before proceeding to verify the asset market view of the exchange rate determination for
the setting of Table 1, it is helpful to briefly describe the basics of such a view in incomplete
markets (see e.g., Brandt et al. (2006)). First, when markets are complete, there exists a
unique SDF M; for country I € {H, F'} that is also identical to the SDF projector My.

The no arbitrage condition then implies that the exchange rate equals the ratio of two

SDFs, e(s) = %’;’((j)), Vs. Next, when markets are incomplete, there exist multiple SDF's
that price asset returns. It therefore appears natural to substitute the unobserved SDF's
by their market-based and unique projectors. The asset market view of the exchange rate
determination when markets are incomplete then is quantified by a postulated state-by-state

identity,
e(s) = Mry(5)’ (1)

However, incomplete markets may also give rise to an apparent contradiction of such a view.

Indeed, the substitution of linear projectors into (1) produces a counter-intuitive identity,

Bu Br+Br 25+, Bn Ya(s)
6(8) = = = =
Br Bre(s)+Br Br+)_,, Bn Yn(s)e(s)

Vs e S. (2)

b (4ra) e(s)+Br (14+rr)+35,, Bn Yn(s)e(s)

e(s) By (14rm)e(s)+Br (141r)+3,, Bn Yn(s)e(s)’

—
=

In particular, Burnside and Graveline (2019) observe that the exchange rate e(s) factors in
the two sides of (2) very differently. Following from this observation, they raise a possibility
in which this characteristic identity (2), and hence the asset market view of the exchange

rate determination, does not hold when markets are incomplete.

Qualitatively, we observe that there exist subtle features underlying (2) that might help
to uphold that identity for some classes of incomplete markets. That is, e.g., while the
exchange rate and asset returns denominated in the home currency are largely mutually
exogenous in the setup, the foreign SDF projector and its B\ coefficients are endogenous
to the exchange rate specification {e(s)}. This dependence of B on {e(s)} complicates
the right-hand side of (2), and as a result, how the ratio of SDF projectors varies with the

exchange rate is not obvious.” Given the prevalence of the asset market view of the exchange

"We remark below that incomplete markets can render return spaces (of the same set of assets) in home



rate, Burnside and Graveline (2019)’s important observation and its applicability warrant a

thorough investigation.

Quantitatively, by design, our setup enables an explicit verification (or rejection) of iden-
tity (1) by directly comparing the given exchange rate with the ratio of SDF projectors
constructed above from the given asset returns as suggested by (2). For the specific incom-
plete market setting under consideration, Table 1 illustrate such a direct verification of the

asset market view of the exchange rate determination.

Clearly in Table 1, columns 3 and 14 are identical, i.e., the postulated equality e(s) =

Mg (s)
Mgy (s)

(1) is satisfied for every state s € S. In the sense of this equality, the asset market view

of the exchange rate determination holds for the market configuration under consideration.

Discussion

The incomplete asset market configuration reported in Table 1 enables the characteristic
identity e = %—:“: It hence constitutes an explicit counterexample to the possibility, discussed
below (2), that the exchange rate might not equal the ratio of SDF projectors when asset
markets are incomplete. We overcome this possibility by identifying FX markets that can be
decomposed and orthogonalized by the exchange rate risks. We elaborate on this upholding
of the asset market view of the exchange rate determination in Table 1 via several general

observations.

First and importantly, exchange rate risk can be completely hedged in the asset market
configuration in Table 1. To see this, we observe that the state space & under consideration
can be partitioned into three (composite) states S; = {1,2,3}, So = {4}, S3 = {5} that
are distinguishable by the exchange rate. Accordingly, we refer to states in {S7,Ss,S3} as
exchange rate states. Note that the three returns By, %, Y, are adapted precisely to the
partition {57, Sz, S3}.® Therefore, to every exchange rate state S; (i € {1,2,3}) we can
construct a corresponding portfolio (i.e., Arrow-Debreu asset) AD; (i € {1,2,3}) of traded

and foreign currency denominations either identical or distinct. We then prove that identity (2) holds in the
former, and fails in the latter case (Theorem 2).

8That is, return variables By, %, Y1 (s) are measurable with respect to the o—algebra generated by the
exchange rate variable e(s).

10



assets {BH, %,Yl} that pays off in and only in state S;. The explicit composition of AD
assets in term of original assets { By, %, Y1} (and the reverse composition of original assets

in term of AD assets) are as follows,

AD, ~12.31 14.35 —1.04 | | By B 0.31 052 0.17 | | AD,
AD, | = | 918 —847 0.29 Be |y | Be | =1033 045 022 | | AD,
ADs, 0 0 1 Y; Y 0 o0 1 ADs

(3)
For such a construction, AD assets {AD;, AD,, AD3} indeed pay off uniformly in and only

in the respective exchange rate states {51, So, S3},

[ 3.7 | [0 | [0 ]
3.27 0 0
ADy= | 327 |, ADy=| 0 |, ADs=1]o0 |, (4)
0 1.93 0
0| 0| [ 6 |

In this sense, indeed the exchange rate risk characterized by exchange rate states {51, Sa, S3}
is completely (and separately) contracted by trading Arrow-Debreu (AD) assets { ADy, ADy, AD3}.
We will formalize and refer to this key property that each exchange rate state can be singly
contracted in asset markets as the complete disentanglement of exchange rate risks in Section

3 below.

Second, the space of asset returns can be partitioned into orthogonal subspaces associ-
ated with exchange rate states. Indeed, by construction, the original returns {BH, BTF, Yl}
can be equivalently transformed to AD asset returns {AD;, ADy, AD3} which are pairwise
orthogonal (i.e., uncorrelated) and non-zero only in sub-states of respective exchange rate
states {S1, 99, S3}. The remaining return on Y5 is non-zero only in sub-states {1,2,3} of
S1, hence belongs to the orthogonal subspace associated with S;. Asset Y3's presence aims
to demonstrate that the entire asset return space is not necessarily fully characterized by

the exchange rate alone and asset markets are genuinely incomplete.” By construction, the

9Note that Y3’s return varies with sub-states {1,2,3} of S1. In the absence of Y3, asset return states (risks)

11



return space in the home currency denomination is linearly spanned by either the original
asset returns {BH, %,Yl,Yg} or the equivalent basis {AD;, ADy, AD3,Y5}. Using R to
denote the linear spanning of asset returns, we symbolically express the equivalence of these
two bases (4) as R (BH, %, Yy, Yg) = R (AD;, ADy, AD3,Y5). We summarize the orthogo-
nalization and mapping of the asset returns { AD;, ADy, AD3, Y5} into the space of exchange
rate risk states {57, Sz, 53} as follows,

(AD),Ys) — S = {1,2,3};  {ADs} — S, ={4};  {ADy} — Sy =1{5).  (5)

The mapping indicates that assets only pay off non-zero in the corresponding exchange rate

state (and its sub-states) that they are mapped into (Table 1).

Third, the asset market view of the exchange rate determination holds for the asset
market configuration of Table 1 because the key identity (2) holds separately for every
orthogonal subspace of asset return space (5). For concreteness, let us examine the identity
(2) at a state s € S that belongs to exchange rate state S;. Then, only assets paying off in
S; contribute to the right-hand side of (2) evaluated at state s under consideration (because
assets associated with any other exchange rate states S # S; have zero payoffs in s). By
the same reason, for all sub-states of each exchange rate state S;, the identity (2) involves
only assets in the orthogonal return subspace associated with S;. Because the exchange rate
e(s) does not vary with sub-states s in S;, it reduces to a mere constant in the relationship
(2) in subspace S;. Accordingly, identity (2) holds trivially for all sub-states in each .S;, even
when asset markets are incomplete with respect to these sub-states.'” Specifically, the asset

market configuration of Table 1 upholds (2) by separately satisfying three identities for the

in Table 1 are effectively reduced to exchange rate states (risks) because no traded assets can distinguish
original states of {1,2,3} of S;. Asset markets are effectively complete in absence of Y5.

0That the exchange rate does not vary with sub-states {1, 2,3} of S; mitigates all effects stemming from
the variation of return Y3 with these sub-states, and preserves identity (2) in these sub-states.

12



exchange rate states,'!

Mgy (s) _ (0.31xB1 +0.33x Br) X AD1 (5)+82 X Ya(s) —0.95 = ¢e(S))
Mp(s) |ses,={1,2,3)  |(0-31xBu+0.33xBr)x AD1(s)+B2x Ya(s) | xe(s) seS1={12,3) 1)
My (s) _ _ [0.52xBr+0.45xBr]x ADs(s) _ _ _ 6
Mg (s) s€Sp={4} [0.52% B +0.45% Br|x ADa(s) xe(s) scSa={4} 1.2 6(52) 6(4)7 ( )
My (s) _ _ [0.17xBr+0.22xBr+p1]x AD3(s) _ _ _
Mg (s) seS3={5} [0.17% B +0.22% B+ B1] X AD3(s) xe(s) s€S5={5} 0.8 6<S3) 6(5)

Finally, the above orthogonalization of the asset return space by the exchange rate risk
(5) implies the invariance of return spaces to the currency denomination in Table 1. In
fact, for the asset market configuration under consideration, this invariance is reflected in
the fact that asset return bases {BH, %, Y, Yg} (in the home currency denomination) and
{eBy, Bp,eY1,eYs} (in the foreign currency denomination) span identical spaces.'” As a
result, SDF projectors My and Mp|, which are linear constructs in asset returns in respec-
tive denomination, belong to the same space. They can be matched state-by-state by the
exchange rate factor to uphold the characteristic identity (1) of the asset market view, albeit

markets are incomplete.

In Section 3, we fully generalize these observations on the specific market configuration
of Table 1 in continuous settings. We establish that every exchange rate risk being sepa-
rately contracted in asset markets, i.e., complete disentanglement of the exchange rate risk
(Definition 1), is a necessary and sufficient condition to enforce the asset market view of
the exchange rate determination in incomplete markets (Theorems 1). We also show that
the asset market view holds if and only if asset return spaces in home and foreign currency

denominations are identical (Theorems 2).

1 On one hand, the explicit ratio of SDF projectors in (6) is computed by substituting original asset returns
{Bm, B—:, Y1} by orthogonal returns {AD;, ADy, AD3, } (while Y5 is kept intact) in projectors My, Mp,
using (3) and 8 and 8 coefficients listed in the caption of Table 1. On the other hand, the numerical values
{e(s)} of the exchange rate are specified in the setting. The verified matching of the SDF projector ratio with
Mg (s) o
M (5) = e(s) for every state s € S = {1, ...,5}.

12The orthogonality (5) assures the following equivalent relationships between return bases (and the return
spaces generated by them): {eBy, Bp,eY1,eYa} <= {eAD;1,eADy,eADs,eYs} <= {AD;1,ADy, ADs, Y5}
<~ {BH7 %7Y17 YQ}

these numerical values in (6) then demonstrates the equality
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state EXrate EXrate Asset Returns H’s Asset Returns F’s | Proj.

State in currency H Proj. in currency F Proj. | Ratio

S e |Bu 22 Vi Yo My |eBu Br i Yy My | 52

1 095 |1.01 109 2 1 1.032(09 1.04 19 095 0932 1.11

2 Sh 095 |1.01 109 0 4 0835]09 104 0 3.80 0.899| 0.93

3 095 |1.01 109 0 2 031509 104 0 1.90 0.368 | 0.86

4 S 1.2 1.01 087 0 0 2280|121 104 O 0 1.936 | 1.18

5 S3 0.8 1.01 1.3 6 0 0489|081 104 480 0 0.673| 0.73
Table 2: Rejecting the Asset Market View of the Exchange Rate Determination, e(s) #
%’;”8, Vs € {1,...,5}: (i) all future states s € S = {1,2,3,4,5} have same probabil-

ity of 0.2, (ii) asset returns and exchange rate are given in term of their gross growths,
(iii) risk-free rates 1y = 0.01 and rr = 0.04. SDF projectors are computed as linear
functions of asset returns in respective currency denominations, with numerical solutions

for coeflicients as follows, {fy = 11.60, fp = —10.89, 51 = 0.49, B, = 0.26} for My ; and
{Br =8.32,Br = —7.83, 1 = 0.44, B, = 0.28} for Mp.

2.2 Rejecting the Asset Market View

To illustrate the failure of the asset market view of the exchange rate determination, we now
consider an alternative incomplete asset market setting. The observations and discussion
above suggest to annul the key feature of the market configuration of Table 1, namely every
exchange rate state is separately contracted in asset markets. There are many specific ways
to achieve this annulment (see also our discussion below). For a simple illustration, we
replace asset return Y] in Table 1 by another asset Y, which pays off in both states s = 1
and s = 5. All other inputs and notation remain unchanged from Table 1. Model outputs
(SDF projectors and their ratio) are computed in an identical approach. Table 2 reports the

inputs and outputs of the current asset market configuration.

Compared to market inputs of Table 1, the only difference in the asset market inputs of
Table 2 is the payoff of asset Y] in state s = 1, which is Y{(1) = 2 (compared to Y;(1) =0

in Table 1). Clearly, this simple modification in asset market configuration suffices to reject

M (s)
Mg (s)

the postulated equality e(s) = (1) for every state s € S in Table 2. In the sense of
this rejection, the asset market view of the exchange rate determination fails for the market

configuration under consideration.
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Discussion

The incomplete asset market configuration reported in Table 2 disqualifies the characteristic
identity e = Ajé—];‘“ It hence constitutes an explicit example to support Burnside and Graveline
(2019)’s observation, discussed below (2), that the exchange rate might not equal the ratio
of SDF projectors when asset markets are incomplete. We support to this observation by
identifying FX markets that cannot be decomposed and orthogonalized by the exchange
rate risk. We elaborate on this rejection of the asset market view of the exchange rate
determination in Table 2 via several observations, which mirror those made earlier in Table

1.

First, the exchange rate risk cannot be completely hedged in the asset market config-
uration in Table 2. To see this, note that the exchange rate states remain S; = {1,2,3},
Sy = {4}, S3 = {5}."® However, there does not exist a portfolio (Arrow-Debreu asset) AD;
of traded assets {B i, %, Y], Yg} that pays off non-zero and identically in (and only in) sub-
states of S;, for all i € {1,2,3}. Therefore, none of the exchange rate states (i.e., risk) can
be separately contracted in asset markets. We will formalize and refer to this key property
as the entanglement of exchange rate risks in Section 3 below. In retrospect, other choices
of asset returns that do not give rise to a complete set of AD assets {AD;} (each pays off
non-zero and identically only in sub-states of respective S;) will also illustrate the failure of
identity (1).

Second and furthermore, the space of asset returns cannot be partitioned into orthog-
onal subspaces associated with exchange rate states. As a result, the postulated identity
(2) cannot be adapted separately to subspaces of asset returns of the form (6). In fact, for
every state s € S, the right-hand side of (2) involves traded assets that pay off in different
exchange rate states S;. Therefore, identity (2) evaluated at sub-states s belonging to dif-
ferent exchange rate states S; are related to one another via the asset returns, i.e., exchange
rate risks are entangled in asset markets. The exogeneity between the specification of asset
returns and the specification of the exchange rate in the setting then prevents an equality

between the two sides of (2) as observed by Burnside and Graveline (2019).

13Because the exchange rate variable remains the same in Tables 1 and 2.
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Finally, there is a dependence of the asset return space on the currency denomination
in Table 2. In fact, for the asset market configuration under consideration, this dependence
is reflected in the fact that asset return bases {B ", %, Y/, Yg} (in the home currency de-
nomination) and {eBy, Br,eY],eYs} (in the foreign currency denomination) span different
spaces. As a result, SDF projectors My and Mpg), which are linear constructs in asset
returns in respective denomination, belong to different spaces. They cannot be matched
state-by-state by the exchange rate factor to uphold the characteristic identity (1) of the

asset market view.

In Section 3, we fully generalize these observations on the specific market configuration
of Table 2 in continuous settings. We establish that the existence of some exchange rate risk
that cannot be separately contracted in asset markets, i.e., exchange rate risk entanglement
(Definition 1), is a necessary and sufficient condition to reject the asset market view of the
exchange rate determination in incomplete markets (Theorems 1). We also show that asset
return spaces in home and foreign currency denominations being different is equivalent to

the rejection of such a view (Theorems 2).

3 General Setup and Main Results

This section formalizes our main findings on the incomplete asset market view of the exchange
rate determination based upon the intuitive insights of the numerical examples. We also

quantify the key underlying concept of risk entanglement in FX markets.

3.1 Setup

Our setup is in continuous time and mirrors that in the discrete setting of Section 2. We
focus on two countries I € {H, F'} in an international economy, and proceed from the per-

spective of home investors.

Assumptions: We make the following basic assumptions,
Al The international financial markets are arbitrage-free, frictionless and fully integrated.
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A2 Country-specific risk-free bonds for every country are available as traded assets in fi-

nancial markets.

Assumption Al simply asserts that if home investors can trade an asset, foreign investors
can also trade that same asset without transaction costs, and vice versa.'* It is a property
of open and frictionless market economies. Assumption A2 is innocuous; the availability
and tradability of risk-free bonds are the basis of currency carry trades in FX markets.
These assumptions attest to open and integrated international financial markets as we see
in developed markets today. However, the assumptions do not rule out the possibility of

market incompleteness.

In our analysis, the key point of these assumptions is that even under these idealistic
market conditions, the unity of the exchange rate and the ratio of SDF projectors — or the
asset market view of the exchange rate determination — is not warranted. Weakening these

assumptions, therefore, will only strengthen this finding.

Inputs: In the asset market approach, we take as given only the price characteristics of
international financial markets. Specifically, the exogenous inputs to the setting are (i) the
exchange rate process, and (ii) return distributions denominated in the home currency of

the entire universe of traded assets.

(i) Exchange Rate Specification: We take the exchange rate e, (i.e., the amount of the foreign

currency that buys one unit of the home currency at time t) as a given jump-diffusion process,

et:“ = 1+ pedt + oTdZ, + 6TdN;, (7)
t

where 1, denotes the drift term of the exchange rate growth, Z; € R? a d-dimensional stan-
dard Brownian motion (i.e., d diffusion risks), and o, € R the associated diffusion volatility
vector. There is a set J = {1,...,J} of J different jump risks in the world economy. We

assume that jump risks of different types are independent, and are represented by J stan-

14Returns in home and foreign currency denominations (on the same asset), which are respectively earned
by home and foreign investors, differ only by the exchange rate factor.
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dard independent Poisson processes Ny = { N}, 7 of respective arrival intensities in vector
A = {\}ics. The associated jump sizes in the exchange rate growth are in given in vector
de = {0ei }ic7. That is, the probability that a jump of type ¢ € J takes place in an infinites-
imal time interval from ¢ to t + dt is A\;dt. Following a jump of type ¢, the exchange rate
growth immediately increases by d;, ¢ € J. If the exchange rate is not subject to the jump
of type 7, we set the associated jump size to zero, d,; = 0. We refer to Appendix A.2 for
a complete notational description. Finally, we assume that exchange rate’s jump sizes are

different for different types of jump risks, and have significant magnitudes.'®

(ii) Asset Return Specification: Because international financial markets are fully integrated
(Assumption Al), every investor in the world trades the same universe of financial assets,
which can either originating from home or foreign economies. Returns on these assets to an
(home or foreign) investor, however, are denominated in the (home or foreign) currency of
the investor’s country. Without loss of generality, we first consider these asset returns in the

home currency denomination, i.e., from home investors’ perspective.

Let us consider a set of N + 1 non-redundant basis asset returns of the return space on
traded assets R.'® Specifically, the N + 1 basis assets include the home risk-free bond, the
foreign risk-free bond (Assumption A2 on the tradability of bonds), and N — 1 other risky
assets. Let gross returns on the assets follow (compensated) jump-diffusion processes in the

home currency denomination,'”

B dB
Hivdt g GDHerde

=14 rydt,
B B m

15That is, first, if jumps of different types i and j impact the exchange rate (ci,d.; # 0), then d¢; # ;.
Second, jumps affect the per-home-currency exchange rate e; and per-foreign-currency exchange rate é
distinctly: de; # —01,;, Vi € J s.t. de; # 0. These are technical assumptions needed to make sure that
asset markets can differentiate all types of jump risks to the exchange rate, and jump and diffusion risks are
distinct in magnitudes.

16That is, any traded asset return is linearly spanned by the returns on these N + 1 basis assets. To be
consistent with our earlier notation (and when this does not create ambiguities), R denotes interchangeably
the set of N 4 1 basis returns as well as the asset space linearly spanned by them.

17Observe that, by convention, all asset returns in (8) have a compensated jump-diffusion form, i.e., the

dYnttadt

v, ] Thus p,, contains compensations for

drift coefficient p,, is also the expected return, u, = %Et [
asset Y,,’s bearing of both diffusion and jump risks.
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BFt+dt BFt+dt

o = 1~ = 1+ pppdt + 0ppdZ; + Opp (AN, — Adt) (8)
et et
Y, dy,
o I 4 pdt 4 0T dZ, + 6TAN, — 65N, ne {1,...,N —1},
Ynt Ynt
where ry is the home risk-free rate, % the gross return on the home bond. %ﬁ:*dt is

the gross return on the foreign bond denominated in the home currency,'® whose moments

upr, opr and jump sizes dpp are given in (38), Appendix A.2. % denotes the gross

return on asset Y, in the home currency denomination,’

and p, € R denotes the mean,
o, € R? the volatility vector, and 6, = {5m}ie 7 € R’ the jump size vector of this return.
The underlying diffusion and jump risks are as in the specification of the exchange rate
process (below Equation (7) and Appendix A.2). In particular, if the return on asset Y,

is not subject to the jump of type i, we set the associated jump size to zero, 6,; = 0. We

relegate to Appendix A.2 further details on the notation.

Implied Quantities: In a setting of frictionless and integrated international financial mar-
kets (Assumptions Al, A2), the above inputs uniquely imply the following quantities; (i)
the home SDF projected on the space of asset returns in the home currency (a.k.a, home
SDF projector) My, (ii) the asset returns in the foreign currency, and (iii) the foreign SDF
projected on the space of asset returns in the foreign currency (a.k.a, foreign SDF projector)

MF”t'

(i) Home SDF Projector: The unique home SDF projector My, that prices and is linear in

asset returns in the home currency is,

Bpitdt 1
M(¢4-at A Mg+t dBhttar c dYniyat
T o A +Br— + ) Ba , 9
MH||t MH||t ﬁ B B Beljt — ﬁ Ynt ( )

where [ coefficients are derived in (53), Appendix A.2. This projector also has the minimum

18Becaube in our exchange rate convention, e; units of the foreign currency buys one unit of the home
currency, F t is the time-t price of the foreign bond in the home currency.

9Recall that basis assets Y, n € {1,..., N — 1} may intrinsically originate from either home or foreign
economies. Their return specification (8 ) however, is given in the home currency denomination in our
setting’s convention.
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variance among all possible SDFs that price asset returns. As (9) indicates, Mgy can be

Ht+dt

seen as in the projection of SDF net growth d%}“ on the space of net asset returns in the

home currency denomination.?”

(ii) Asset Returns in the Foreign Currency Denomination: Since home and foreign investors
trade the same set of assets (Assumption A1), asset returns in the foreign currency denomi-
nation are obtained from those in the home currency denomination (8) by the exchange rate
multiplication. Specifically, the gross returns in the foreign currency denomination on the

home bond, the foreign bond, and N — 1 risky assets respectively are as follows,

CoraBitesd — | 4y ppdt + 0%y dZ, + 5k dN; — 05y Adt, Brewa — 1 4 pp,

etByy Brt

Y Y,
Pasd _ CdVnisdt ] oy dt + o8, dZ; + 05, dN; — SR, Adt, neﬂwwN—Hk>
10

The notation of these asset returns mirrors that of returns in the home currency denomination
(8). An application of Ito’s lemma yields explicit expressions for upg, opu, OBH, [LFn, OFn,
drn (see (36) and (37), Appendix A.2).

(iii) Foreign SDF Projector: After having obtained asset returns (10) in the foreign currency,

the foreign SDF projector construction is similar to that of the home projector (9),

MEp|ivar AMF|tvar ~ d(Buraeiear) = ABrrsar  s= 5 d(YnisaCrrar)
Drerdr g CVPIvd g +5 + 37, Cdt) (g
MF||t MFHt " Brieq r Bry ; Yoier ( )

where returns on the right-hand side are in the foreign currency denomination of the home
bond, the foreign bond, and risky assets respectively. The B\ coefficients are as in (53)
(with quantities referenced to the home currency replaced by their respective counterparts

referenced to the foreign currency).

20We note that in continuous time, for consistency, the SDF projector construction necessarily involves
net growth quantities (while in discrete time, either net or gross growth quantities produce a consistent SDF
projector). See the discussion leading to Remark 1 in Appendix A.2.
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3.2 Key Hypothesis

Having presented a joint market-based setup of the exchange rate and asset returns, we state
a hypothetical relationship to define and quantify the incomplete asset market view of the

exchange rate determination.

Hypothesis H In arbitrage-free, frictionless and perfectly integrated international financial
markets (Assumptions A1-A2), the incomplete asset market view of the exchange rate de-
termination is quantified by the equality between the exchange rate and the ratio of the two

associated SDF projectors,

M |t4a
Crrat | M o , | My
bt 2 S or in simplified notation: e, = THIE vt e 0, 00). (12)
et Mi”t Mpy;
Pt

This hypothesis postulates a strong relationship between the exchange rate and asset pricing

in each of the currencies for the asset market view of the exchange rate. It extends the

known complete-market no-arbitrage relationship e; = %’;: to incomplete markets, and is
the continuous-setting version of relationship (1). The hypothesis represents a pure asset
market view because (12) abstracts from the knowledge of structural SDFs of economies,

replacing them with their projectors constructed exclusively and uniquely from asset returns.

When it holds, the hypothesis relates observable exchange rate dynamics with the asset
pricing characteristics in each currency. It can be employed to evaluate international asset
pricing models in the presence of incomplete markets (e.g., Brandt et al. (2006), and Section
4 below), in a manner similar to Hansen and Jagannathan (1991) bound tests. But when
this hypothesis does not hold, the above evaluation of international asset pricing models is
not justified. In fact, every application and implication of the important relationship (12) is

subject to the validity of Hypothesis H itself.

Our setup is designed to directly verify this hypothesis in the following procedure. We
start with the returns (in the home currency denomination) of basis assets { By, 22, {Y, }},
n e {l,...,N—1} (8) and the given exchange rate process e (7). These specifications imply
uniquely (i) the home SDF projector My (9), and (ii) asset returns (10) in the foreign
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currency and in turn, the foreign SDF projector Mpy (11). We then compare the exchange

rate e with the ratio MF We present a complete analysis of Hypothesis H next.

3.3 Main Results: Risk Entanglements and the Asset Market

View

Before stating the main result on the possible relationship between the exchange rate and
SDF projectors, we formalize the concept of exchange rate risk entanglement. This risk
entanglement concept is motivated and informed by our intuitive discussion of simple nu-
merical examples at the end of Sections 2.1, 2.2. To illustrate this connection, we will also
map the correspondence between market configurations in discrete settings (Tables 1, 2) and

their counterparts in continuous settings.
Definition 1 (Exchange Rate Risk Entanglement)

1. The exchange rate risks are entangled if there exist risks that impact the exchange rate’s

t+dt

instantaneous growth and are not separately contracted in asset markets.

P,
Ji e J withd.; #0: AP R (BH, AV N > ;j‘“ = 1+pupdt+dp; (dNG —

t

2. Otherwise, the exchange rate risks are completely disentangled if every risk impacting

is separately contracted (i.e., individu-

the exchange rate’s instantaneous growth tjdt

ally traded) in asset markets.

) P
Vie J with 6; #0: IPeR (BH, AV ) }j‘“ = 1+pupdt+3p; (ANG; —
t

In the above definition, R({X}) denotes the set of portfolios linearly spanned by assets { X }
(Footnote 16).

Drawing an analogy from our previous discussions in Sections 2.1 and 2.2, an exchange
rate risk is separately contracted (i.e., individually traded) if there exists a traded portfolio
that loads only on that risk. We observe that in continuous settings of only diffusion pro-

cesses, exchange rate risks are always completely disentangled. This is because assets (as well

22

Adt) .

Adt) .



as diffusion risks) can be linearly combined into portfolios which load singly on a diffusion
risk of the exchange rate process. This observation indicates that jump risks in the exchange
rate process are needed to give rise to risk entanglement and its diverse consequences in

continuous settings.

Equipped with Definition 1, our main result establishes a necessary and sufficient condition
for the asset market view of the exchange rate determination to hold in incomplete financial

markets.

Theorem 1 (Incomplete Asset Market View of the Exchange Rate Determination)

In arbitrage-free, frictionless and perfectly integrated international financial markets (As-
sumptions A1-A2), the incomplete asset market view of the exchange rate determination is
valid, i.e., Hypothesis H holds, if and only if exchange rate risks are completely disentangled

in asset markets:

Vt € [0,00). (13)

Exchange rate risks are completely disentangled <+—= e =—

The derivation of this theorem is involved but also offers further insights on risk entangle-
ment. We relegate a detailed proof to Appendix B. Crucially, Theorem 1 shows that the
asset market view of the exchange rate determination does not hold universally. It further
clearly and precisely identifies the premise under which Hypothesis H fails and the influential
asset market view of the exchange rate needs to be revised. This premise concerns only risks
in the exchange rate, but not other risks in financial markets.?! Furthermore, the complete
disentanglement of exchange rate risks is a currency-neutral concept.”? Therefore, there is

no need to make an explicit reference to a specific currency in the statement of Theorem 1.

The intuitive analysis of discrete settings (Section 2.2) has indicated that exchange rate

risk entanglement is tantamount to the variation of the asset return space with the denom-

2l'Exchange rate risk entanglement is stronger than the notion of risk entanglement in asset markets
discussed in Maurer and Tran (2016). Whereas entangled exchange rate risks imply risk entanglement in
asset markets, the opposite is not necessarily true.

22 Assuming A1, A2, if exchange rate risks are completely disentangled in one currency, they are completely
disentangled in every currency.
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ination currency. Theorem 2 below fully formalizes this intuition, and consequently, offers
a second interpretation (and equivalent condition) for the incomplete asset market view of

the exchange rate determination.

Theorem 2 (Incomplete Asset Market View of the Exchange Rate Determination 2)

In frictionless and perfectly integrated international financial markets (Assumptions A1, A2),
the incomplete asset market view of the exchange rate determination is valid, i.e., Hypothesis

H holds, if and only if the asset return space is invariant with the denomination currency:

M

R=R — e = —-,
F t MF||t

Vt € [0, 00).

Above, R = {By, 22 {Y,})]'} and Rr = {eBy, Br, {eY,}2_'} respectively denote the
asset return space in home and foreign currency. A proof of this theorem is given in Appendix
B.3. Theorem 2 offers a novel and equivalent characterization of the asset market view of the
exchange rate by unambiguously relating this view to the possible mismatch of the two asset
return spaces (in home and foreign currency denomination). This necessary and sufficient
characterization is intuitive. On one hand, when asset return spaces in home and foreign
currencies are identical, projectors My, and Mgy, (and exchange rate e;) belong to the same
risk space. Hence, any traded return in that space can be priced by either My, or Mgy,

and the resulting return differential can be fully attributed to the exchange rate factor, or

Mp ¢

Mry; A prominent special case is the pure diffusion setting, in which return spaces
t

[
are always identical and independent of the currency denominations. The application of
Theorem 2 then establishes that the asset market view of the exchange rate determination
always holds in settings of pure diffusion risks, whether financial markets are complete or

incomplete. The same conclusion applies for settings of jump diffusion risks of the exchange

rate, in which every jump risk is separately contracted in financial markets.*

On the other hand, when asset return spaces in foreign and home currencies differ, My,

and Mp|; belong to different spaces and Theorem 2 establishes that their wedge is not offset

23Because these settings are a special case of complete disentanglement of exchange rate risks, Theorem
1.
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by the exchange rate, %”z # e;. An example is the presence of unhedged jump risks in the
exchange rate, which belong to the class of entangled risks, and hence, invalidates the asset
market view of the exchange rate determination. In this regard, Brunnermeier et al. (2008)
and Farhi et al. (2015) document prominent jump risks in FX markets, thus lend support

for the practical relevance of the exchange rate risk entanglement.

To further illustrate the risk entanglement notion in various settings, we map the discrete
market configurations of Tables 1 and 2 into their counterparts in continuous settings, in

conjunction with an application of Theorem 1.

1. Disentanglement: The discrete market configuration of Table 1 corresponds to a con-
tinuous market setting subject to four uncorrelated jump types J = {1,2, 3,4}, which
map into five states,” and the same four traded assets { By, 22,Y7,Y5}.%> To be spe-
cific, state s = 1 corresponds to no jumps taking place, while s = i+ 1 corresponds to a
jump of type i taking place, for ¢ € {1,2,3,4}. Hence, the identical exchange rate gross
growth in state s € {1,2,3} in Table 1 maps into the absence of jump types i € {1,2}
in the exchange rate in a continuous setting (zero jump sizes d,; = 0, ¢ € {1,2}), i.e.,
only jump types i € {3,4} are exchange rate risks (d.; # 0, ¢ € {3,4}). Following
the change of basis returns (5), there exist traded portfolios {AD;}, i € {3,4} (i.e.,
Arrow-Debreu assets), each of which loads only on a single jump type i € {3,4} of
these exchange rate jump risks. To summarize, the market configuration in the discrete
setting of Table 1 is first transformed to Arrow-Debreu assets (5), and then is mapped

into the following processes in the continuous setting (see (7)), Vi € {3,4},

dAD;yq deitar
EE b+ Saps (AN — AdE) s 0 = pdi 4+ Y 6adN
A Dit 223 5AD1 ( Mt A ) ) e He S 5@1 Mta

where 4p; and d.; denote jump sizes (associated with type i) in asset AD;’s return and

the exchange rate (7) respectively. Per Definition 1, the availability of these traded

24Tn continuous time, the probability that jumps of two or more types take place within the time span of
dt scales as dt?, so is almost surely zero in the mean square norm. Therefore, S — 1 uncorrelated jump types
map into S states: one state is associated each jump type taking place, and one additional state associated
no jumps taking place at all.

25 A1l jump types have identical arrival intensity \ to reproduce equal probabilities for all states s € S in
Table 1.
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assets {AD;}, i € {3,4} signifies the complete disentanglement of exchange rate risks
in the market configuration of Table 1. Theorem 1 then confirms the incomplete asset
H

market view of the exchange rate determination e = %—F” in that market configuration.

2. Entanglement: The discrete market configuration of Table 2 corresponds to a contin-
uous market setting which is quite similar to the continuous setting associated with
Table 1 discussed above.?’ Exchange rate jump risks are also identical: the exchange
rate is exposed only to jumps of type i € {3,4}. The key difference is in asset mar-
kets, arsing from the presence of asset Y/ in Table 2 (as a replacement for asset Y7 in
Table 1). As a result, there do not exist traded portfolios which load only on a single
exchange rate jump risk of type i (i € {3,4}). Per Definition 1, the absence of such
portfolios signifies the entanglement of exchange rate risks in the market configuration
of Table 2. Theorem 1 then rules out the incomplete asset market view of the exchange

rate determination for this market configuration.

4 Revisiting the International Correlation Puzzle

In this section, we discuss the international correlation puzzle, i.e., the observation that
country-specific macroeconomic quantities modestly correlate while currencies move together
much more closely (i.e., smooth exchange rates). Within the basic economic framework
in which SDFs are monotone functions of macro fundamentals (e.g., consumptions), this
anomaly purportedly illustrates the disconnection between quantities and prices, and thus
is perplexing from the asset market view of the exchange rate determination (Brandt et al.,
2006). The approach of the current literature addressing this disconnection is structural. By
postulating and equipping SDFs with structural features, economic models can enrich and
weaken the dynamics between SDFs and macro fundamentals. As a result, prices arising
from the enriched SDFs can be dissociated from fundamental quantities. Thanks to this

dissociation in structural models, SDF's are still highly correlated but observable macroeco-

26Specifically, it has four traded assets {BH,%7Y1/,}/2} subject to 4 uncorrelated jump types J =
{1,2,3,4}. State s = 1 corresponds to no jumps taking place, while the remaining four states s € {2,3,4,5}
correspond to jumps of a single type taking place.
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nomic quantities are not. In contrast, SDF's are modestly correlated in the risk entanglement

approach, which is an alternative solution but can also complement the structural approach.

Specifically, we demonstrate numerically in this section that, while adhering to the pure
market-based framework of the exchange rate, the observed puzzling disconnection between
prices and quantities can be rationalized if exchange rate risks are sufficiently entangled in
asset markets. Moreover, per Theorem 1, risk entanglement is the only possible pure market-
based solution to the puzzle when markets are integrated, frictionless and free of arbitrage

opportunities.

We first introduce a measure for the risk entanglement in FX markets (Section 4.3) before
analyzing the international correlation anomaly conceptually (Section 4.1) and quantitatively
through a numerical example (Section 4.2) in light of the exchange rate risk entanglement.
Evidently, the rejection of Hypothesis H (Theorem 1) mitigates the puzzle because it is
on the basis of the hypothesized equality (12) that the international correlation pattern is

deemed puzzling in the first place.

4.1 Risk Entanglement Index

The one-to-one relationship between the presence of risk entanglement in FX markets and
the deviation of the exchange rate from the ratio of SDF projectors (Theorem 1) has a useful
application. In arbitrage-free, frictionless and integrated international financial markets, if

the conditional identity e, = M%“"Z is broken, it must be solely due to the entanglement of

M
exchange rate risks. Hence, the result of Theorem 1 motivates a measure of the degree of

risk entanglement in FX markets.

Definition 2 (Risk Entanglement Index) Given an international finance setting with
arbitrage-free, frictionless and perfectly integrated financial markets, the exchange rate risk
entanglement index Ig; represents the fraction of variation in the growth of the home SDF

projector My, that is not explained by the variation in the growth of the product e, Mgy, of
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the exchange rate and the foreign SDF' projector,

dM d(e M
Var, ( ]\;det _d( t+dtMF\|t+dt))
j )¢ etMpy, 14
Bt AMp||t4+ae ' ( )
Var, (—)

M

The variances appearing in the above definition are total variances (see (56)), which include
both diffusion and jump risks. A more explicit expression for the risk entanglement index
(14) is given in equation (15) below. The rationale for this risk entanglement measure is as
follows. We observe that by construction, the product e, Mg, consistently prices all traded
asset returns in the home currency. Hence, it is a home pricing kernel from the perspective
of foreign investors, who mechanically account for the exchange rate e; by multiplying it to
their (foreign) pricing kernel Mpj;. A large value of Ir, means that the equality between
M) and e, Mpy; is severely broken, and thus implicates a high degree of exchange rate risk

entanglement in FX markets.?” In particular, when there is no risk entanglement, Iz, is zero.

Several observations concerning the entanglement index are in order. First, the risk
entanglement index is intrinsically a pure-price object. This is because its definition (14)
involves only SDF projectors, which can be constructed uniquely from only asset return
characteristics (abstracting from the specification of full SDFs and the underlying struc-
tural assumptions). However, prices and returns reflect investors’ risk and time preferences
(though not necessarily unequivocally). Hence, the value of index Ig; has important impli-
cations (in the form of bound tests) for the underlying structural economic models which

aim to address the disconnection between quantities and prices.

Second, definition (14) concerns the exchange rate between specific countries, but it
applies equally well in the presence of other countries as long as international markets are
integrated (so that the same set of traded assets is common to investors in all countries).
By intuitively invoking an OLS metaphor, Ig; is inversely related to R-square (of a linear
projection of e;Mpy, on Myy). Therefore, the risk entanglement index is a proxy for the

deviation between spaces of asset returns in the home and foreign currencies. The wedge

27Similarly, one may employ a symmetric fraction of variation in the foreign SDF projector M r||¢ that is

My

not explained by the variation in the ratio , or alternatively, the fraction of variation in the exchange

]V[HHt

rate e; that is not explained by the variation in the ratio Mry:
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between the two spaces is driven solely by the exchange rate risk entanglement (Theorem

2), and tends to be larger when risks are more entangled in FX markets.

Finally, an explicit expression of the risk entanglement index (14) for jump-diffusion

settings is as follows,

(nay — ey + Ue)T (e — 1ey + o) + 0 M [Orpe + 1) (er + 1) — (Tarpe + 1)]2

[Et = N
Mhy e+ 2k MeOg

(15)
where 77 and d denote the diffusion and jump size vectors of country I's SDF projector.”®
In the limit of a small exchange rate volatility (i.e., smooth exchange rate) we obtain an
analytical inverse relationship between the risk entanglement index and the correlation of
SDF projectors (equation (23) below). Within the pure asset-based framework, this rela-
tionship conceptually (Section 4.2) and quantitatively (Section 4.3) signifies the role of risk

entanglement in rationalizing the international correlation pattern.

4.2 International Correlation Puzzle: Conceptual Analysis

We extend the analysis of Brandt et al. (2006) to incorporate new risk entanglement insights.
One side of the international correlation puzzle concerns macroeconomic quantities in equilib-
rium settings, which in turn relate to the full (structural) country-specific SDFs { My, Mp}.
From the arbitrage-free perspective, it is useful to decompose the full country-specific SDF's

into pricing (i.e., SDF projectors) and non-pricing (i.e., orthogonal) components,

M aM dM aM
v g WMivva g IMijera | dMiseea (16)
M, Mrp, My, My,
with I € {H, F'} and,
E, |:MI||t+dt }/It+dt} 1. B [dMutert Ylt—&-dt} —0, B [dMIJ_t+dt dMi)iyar —0. (17)
My, Y M,  Yn My, My,

28See Equation (47) and Appendix A.2 for notation.
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These orthogonality relationships yield a decomposition of the correlation of full SDFs, which

is key to our analysis of the international correlation,

o (dMHt+dt dMFt+dt) B
orry =

Mpe Mgy

i) dM dM M
{C’ovt ( Ht+dt F||t+dt> + Cov, ( H||t+dt Fu+dt>

My Mpy Mpuyp =~ Mpy,
AMp 1 t4at dMF||t+dt> (dMHLt—i—dt AMFp 1 t4at )}
+ Cov ( , + Cov , X 18
"\ My, Mg "\ My, M1y (18)
dMHt+dt> <dMHJ_t+dt>:| ~3 { (dMF||t+dt> (dMFJ_t+dt>:| 2
x |Var (— +Var, | ————= x|Var, | ——= ) + Var, | ———= .
{ "\ My, "\ My, "\ Mey, "\ Mgy,

We start with the standard model-free observation of Hansen and Jagannathan (1991) (H-J)
that country-specific SDFs need to be sufficiently volatile to accommodate sizable empirical
Sharpe ratios of the respective equity markets (which are of the order of 0.5 for developed
economies). Because this observation relies only on no-arbitrage pricing considerations, its
associated bounds apply in particular to the country-specific SDF projectors My, Mg (see
(57), Appendix A.2)

{le} Hézoa I €{H, F}, (19)

<dMI||t+dt
dt

My

To highlight new perspectives of risk entanglement on the international correlation, we dis-
cuss the puzzle sequentially under two alternative premises (without and with risk entangle-

ment).

Case of Completely Disentangled Exchange Rate Risks

In the traditional setting in which exchange rate risks are completely disentangled (Definition
1), Hypothesis H holds, and the exchange rate growth volatility is tightly linked to the
correlation of SDF projectors (Brandt et al. (2006)). Indeed, under the premise of Hypothesis
H,

d M |¢4-at AMp | 4a¢

Citdt MFp||t4ae M

Var, < = Var, —MH -1 ) =Vary | —m- — ”
€t CH|E 1 4 ZoElittdt

Mp Mp ¢
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~ VCLT} (M)—FVGJ} <M>_2pHF|| |:Va7,,t ( H||t+dt>:|

1
dM 3
{Vart ( Ft+dt>:| 2 7
Mpy. Mpy Mp

Mpy;

where ppp) is the (conditional) correlation of the SDF projector growths, and the approxi-
mation is at the same order of a log linearization.? Employing H-J bound (19) for both SDF
projectors in the above relationship yields a further quantitative bound on the exchange rate

growth variance, %Vart <d°*€—1’”“> > 0.5 (1 — pHF”), or equivalently,

1 AMpre+ae dMFt+dt) [ 1 <d6t+dt>:|
—C ( , - >1-2|=V ~ 0.98. 20
orry My, Mepy PHF| = - Var: o (20)

dt
The last quantitative estimate is based on the smooth exchange rate growths with an empir-
ical volatility of around 10%. When exchange rate risks are completely disentangled, spaces
of asset returns in the home and foreign currencies are identical (Theorem 2). As a result, in
absence of risk entanglement, the intra-country orthogonality relationships (17) generalize
to cross-country counterparts.’’ To discern the perplexing implication of the international
correlation pattern, let us adopt a pretense of moderating the right-hand side of (18). First,
because the SDF orthogonal components’ volatilities should be relatively small,*! one cannot
employ these small orthogonal volatilities to weaken the correlation of full SDF's by sizing
up the denominator of (18). Second, by the same reason, while in principle a highly nega-
tive correlation between SDF orthogonal components would help to reduce the correlation
of full SDFs (18), in practice this contribution is quantitatively small. Altogether, under
the premise of relatively small volatilities of SDF orthogonal components (not to deepen the

equity premium puzzle) the main contribution to the SDFs’ correlation is that of the SDF

29This approximation holds as an almost-surely equality in the mean square convergence norm in the limit
of infinitesimal time increment d¢t — 0. Going beyond log linearization approximation involves retaining
(co-)skewness and terms of other higher-order (mixed-)moments, which can be succinctly characterized by
the relative entropy between the two SDF projectors.

30That is, assuming exchange rate risks are completely disentangled, we have

Et = 0

dMpievar AMpjirar | B dMpy)t+at dMpiitar
- t
Mpy 1+ Mp) M Mrp.+

31The variance of the full SDF is the sum of the variances of the SDF projector and the remaining
orthogonal component. As observed by Brandt et al. (2006), given the former being at least 0.5 (19), if
the latter were sizable, the volatility of the full SDF would be even higher (thus, more perplexing and less
desirable) than the level currently considered puzzlingly high in the equity premium puzzle literature.
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projectors. Hence, (18) quantitatively reduces to (20),

1 dMpiyat dMFt+dt> ~ 1 dMHHt+dt dMF\|t+dt
dtCOTTt ( Mpge 7 Mpe ~ dtCOT?”t Myye 7 Mg,

(21)

1 AMpy\trar  AMp|irar \
dtC’orn( My Mry ~ 0.98.

The empirical cross-country correlations of macroeconomic quantities are typically much
lower than the above near-perfect correlation. Within the basic economic framework in
which full SDFs are monotone in consumptions and seen traditionally in the absence of risk
entanglement, this is the gist of the international correlation puzzle: the implied SDF corre-
lation is much higher than that between country-specific macro quantities which the SDF's
purportedly represent. Going beyond the basic economic framework, additional structural
features help dilute the monotone relationship between SDFs and macro fundamentals. In-
stead, we argue next that risk entanglement in FX markets can also mitigate the puzzle by

nullifying the strong bound (21) while adhering to the basic economic structure.

Case of Entangled Exchange Rate Risks

In the presence of exchange rate risk entanglement (Definition 1), terms contributing to the

correlation of the full SDFs (18) change in several notable ways.

First, because the spaces of asset returns in the home and foreign currency denomination
do not coincide in the presence of entangled exchange rate risks (Theorem 2), cross-country

orthogonality relationships do not hold,

AMpu 1evar AMpyiyar 20, E, AdMpuevar AMp it ar

E
"I My, My My Mgy

£ 0. (22)
As a result, the cross terms in (18) do not vanish, and now contribute conceptually to the
correlation of the full SDFs. However, these contributions remain quantitatively insignificant
if one posits small volatilities of SDF orthogonal components (not to deepen the equity
premium puzzle). Under such a premise, the full correlation (18) is still quantitatively

dominated by the correlation of SDF projectors, and the first approximate relationship in
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(21) continues to hold.

Second and most crucially, entangled exchange rate risks unambiguously break the equal-
ity between the exchange rate growth and the growth of the ratio of SDF projectors (Theorem
1). As aresult, bound (20), and thus, the second relationship in (21) do not necessarily hold.
While projectors My (9), Mpy (11) are necessarily and clearly constructs endogenous to the
My

Al and

given asset returns (and the exchange rate e), the relationship between the ratio M

the original exchange rate e can be distorted severely and far from an equality due to risk
entanglement in FX markets. Intuitively, such a distortion is reflected in the intricate and
flexible configuration of possibly many jump risk types embedded in few available traded
assets {BH, BTF, {Yn}nNz_ll}. Moreover, our entangled risk approach respects the constraint
imposed by the equity premium puzzle consideration (first equation in (21)), the correlation
of the full SDFs (18) is substantially weakened principally because the correlation of SDF
projectors is substantially weakened. To see how the latter is achieved through risk entangle-
ment, we observe that an empirically smooth exchange rate growth implies an approximate

relationship (see (60), Appendix A.2),

o (dMHHH-dt dMFHt—i—dt) 1
orrg

, ~— x [14+¢°—Igl, 23
Mp . Mp 29. [1+9 E (23)

where g. = E; [et:—t‘“} is the conditional mean of the exchange rate (gross) growth (note that
ge = 1), and I, is the exchange rate risk entanglement index given in Definition 2. We
observe from (23) that a moderate correlation between SDF projectors is obtained when
we are sufficiently far away from the hypothesized equality relationship (13), i.e., the risk
entanglement index (14) is sufficiently high. Such a situation materializes when risks are

sufficiently entangled in FX markets. We next provide a numerical illustration.

4.3 International Correlation Puzzle: Numerical Analysis

To illustrate the quantitative implications of risk entanglement, we consider a parsimonious
setting of international financial markets. Our aim is to provide one of the simplest possible

pure market-based models to demonstrate the potential of risk entanglement in FX markets.
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Our simple numerical setting has three assets, namely the home bond the foreign bond,
and one additional asset. There are two diffusion and one jump risk processes, so asset
markets are incomplete. In the home currency denomination, the three assets are denoted
respectively as By, % and Y7, where the exchange rate e quotes the amount of foreign
currency units that buys one unit of the home currency. Asset returns in the home currency
denomination and the exchange rate process are given in the setting. We configure the risk
loading parameters 0.1, 0e2, 011, 012, O, 01, such that the jump risk cannot be separately
contracted in asset markets. Therefore, risks affecting the exchange rate are entangled. We

construct the SDF projector My using (9), and foreign asset returns and SDF projector

using (11).

Table 3: Model Parameters

Jump Intensity: A =0.03

Home Risk-free Rate Foreign Risk-free Rate
Bonds: rg = 0.01 rr = 0.01
Drift Diffusion 1  Diffusion 2 Jump
Exchange Rate: p, = 0.06 0.1 =0 e = 0.075 9. € [-0.9,—0.2]
asset Yii M1 = 0.07 011 — 0.03 012 — —0.15 51 =0

Notes: Exogenous parameters specifying:
(1) Risk-free interest rates in home and foreign currencies,
(2) Exchange rate e: <%t =1 + podt + 01d 21t + 0eadZa s + 6N,

€t

(3) Risky Asset Yi: Ylf/il*t‘“ =1+ widt + 011dZ1¢ + 012dZo; + 61 (AN — Adt).

Table 3 summarizes the (annualized) parameters for our numerical illustration.”* For

specificity, we calibrate risky asset Y; to the home stock market with an expected excess

return of py — ry = 6% and a total volatility of \/é‘/art (dY;—thdt) = 15.3%, implying a

Sharpe ratio of almost 40%. Asset Y; has no exposure to the jump risk, 6; = 0. We calibrate a
drift term of 6% and a volatility from a diffusion of 4 /o, + 03, = 7.5% for the exchange rate

32The risk-free interest rates in both currencies are not material for our analysis and set to 1% without
loss of generality.
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Smooth Exchange Rate and Volatile, Modestly Correlating SDF's
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Figure 1: Left Panel: The solid red line shows the correlation between SDF projec-

dM dM . O
tors +Corr ( Hljttdt F””dt), and the dashed black line the exchange rate volatility
dt Mp e Mp e

T LVar (de”dt). Right Panel: The solid red line displays the volatility of the home SDF pro-

jector \/ ZVary (W]\ffiw» and the dashed black line the volatility of the foreign SDF projector

dM . c e 1. . .
\/ éVart <#) Horizontal axis indicates the exposure of exchange rate to jump risk 6. (7).

In the underlying setting, larger jump size (more negative ) regulates larger risk entanglement.

growth. We let the jump size 0, vary between —0.9 and —0.2 and set the jump intensity to

3%. These parametric values model infrequent (jump) events in FX markets. Jumps increase

the exchange rate’s total volatility to /4 Var (det’“d‘) = /0% + 0% + A2 € [8.3%,17.3%].
Notice that the increase in the total volatility is moderate because jumps are infrequent.
Hence, the exchange rate remains smooth across the entire calibrated spectrum of jump

sizes.

AMp|t4a¢ AMFp|iyar >

Figure 1 reports the correlation between SDF projectors iC’orn( My, 0 Mey,

(solid red line) and the exchange rate volatility \/ Var, <de”‘“> (dashed black line) in

the left panel, and the volatility of the home and foreign SDF projectors \/ é Var, (sz\y—,lT;dt>
(solid red line: I = H; dashed black line: I = F') in the right panel (plotted against the ex-
change rate jump size d.). The correlation between SDF projectors monotonically decreases

with the size of infrequent exchange rate jumps. While the exchange rate volatility increases

only slightly with the jump size, the simultaneous decrease in the correlation between SDF
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projectors is substantial. Moreover, SDF volatilities are above 40% at all times. Therefore,
entangled jump risks in exchange rate growths are able to mitigate the correlation puzzle
in the pure market-based framework: the projected SDFs are volatile and modestly corre-
lated, whereas the exchange rate is sufficiently smooth.?* Observe that the correlation of the
SDF projectors approaches one as the jump size approaches zero (pure diffusion, and hence,

completely disentangled risk limit).

Finally, we demonstrate the quantitative effect of risk entanglement on the international
correlation by contrasting it with a calibration without entanglement. That is, we compare
our numerical calibration above to one featuring the same SDF volatilities but the exchange
rate being identified with the ratio of SDF projectors. Hence, exchange rate risks in the latter
calibration are completely disentangled (Theorem 1). Specifically, consider the calibration
with entangled risks and an exchange rate jump size of . = —0.8, exchange rate volatility
of 15.8%, home and foreign SDF projector volatilities of 40% and 53%, and SDF projectors’
correlation of 48.6%. The exchange rate volatility is low because in presence of entangled
risks, the exchange rate is no longer equal to the ratio of SDF projectors. The compara-
tive calibration without risk entanglement has the same home and foreign SDF projector
volatilities (of 40% and 53%), and preserves equality (12) (Hypothesis H). As a result, if the
correlation between the two SDF projectors was 48.6%, the exchange rate volatility would

have to be equal to 1/~ Var, (%) = /0.42 + 0.53Z — 2 % 0.486 * 0.4 * 0.53 = 48.5%, which
dt

€t

is unreasonably large and more than threefold the volatility in the calibration with entangled

risks. By the same token, if the exchange rate volatility was 15.8%, the correlation between

. 1 dMpyjerar AMpje4dt | _ 0.4240.532-0.1582 _
the SDF projectors would have to be 5-Corry ( Muy  Mep, = 00 es = 98%),

which is unreasonably high and more than twofold the correlation in the calibration with

entangled risks.

This simple numerical example demonstrates the role of exchange rate risk entanglement
in rationalizing the international correlation pattern. More broadly, the modeling spirit of
risk entanglement is that, by making risks more entangled in FX markets, e.g., by modeling

more risk types and relatively less traded assets, one achieves larger flexibilities to calibrate

33While full SDFs are not modeled in the pure market-based framework, this calibration analysis indicates
that when full SDFs are sufficiently close to their projectors, the risk entanglement approach also applies.
Such a solution is impossible without risk entanglement (see Brandt et al. (2006) and Section 4.2).
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observed moments in the data.

5 Conclusion

We reformulate the incomplete asset market view of the exchange rate determination in the
presence of risk entanglement. Our results are as follows. For arbitrage-free, frictionless and
perfectly integrated international financial markets, we show that the exchange rate is equal
to the ratio of SDF projectors if and only if exchange rate risks are completely disentangled.
Consequently, we demonstrate that a smooth exchange rate does not necessarily implicate
a strong correlation between SDF projectors when exchange rate risks are entangled. We
introduce an index to quantify the degree of risk entanglement in FX markets. When the
risk entanglement index is higher, the asset market view tends to have weaker implications
on the exchange rate determination. Altogether, our paper indicates that how risks are
contracted in incomplete asset markets (i.e., risk entanglement) conceptually is important to
rationalize the observed perplexing disparity in cross-border correlations of prices and macro

fundamentals.
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Appendices

A  Preliminaries

A.1 SDF Projectors in Discrete Settings

In discrete settings, the construction of SDF projector on either gross or net asset returns
produces consistent and equivalent result. The construction of SDF projector in continuous
settings is given in Appendix A.3. Without loss of generality, the construction is presented

for the home country.

SDF projector on gross asset returns: We start with specifying N 4+ 1 non-redundant
basis assets in international financial markets, namely the home bond, the foreign bond,
and N — 1 other assets. Because the foreign bond is a risky asset from home investors’
perspective, we include it in the set of N risky assets {Y,}, n € {1,..., N} in the home
currency denomination for ease of notation in this appendix. Accordingly, we work with the

following N + 1 asset returns in the home currency denomination,

B Y, _
HLI(S):H—TH, L(S):Hgﬁyn(s), neN={1,....N}, seS={1,...,5},
BHt Ynt )
(24

Yntt1(s)

- } — 1 the conditional net mean return,

where rpy is the home risk-free rate, y,, = E; [
and 7, (s) the mean-zero innovations to asset Y,,’s return in the home currency. Markets are
possibly incomplete (N +1 < S).

We find the pricing-consistent SDF projector Mg by solving for weights ’s in a linear

combination of all N + 1 gross asset returns,

MH||t+1(5)
M

5 Yori(5)
= Bu(1+rg) + Zﬁn%, Vs € S. (25)

M |t41 (Ym+1 . BHt+1> _
My Yot Bt

0 for N home risky assets {Y,,}, n € {1,..., N} (24). This yields a linear system of N equa-

We substitute this linear representation into /N Euler pricing equations E; [



tions and N unknowns {5;} (i € {1,...,N}),

N _

- o — T
ZﬂiEt [Yit+1Ynt+1] + Yo —TH 0, ne{l,...,N}, (26)
— 1+ry

whose unique solution is,

B ) Yy —TH E; [?7%,5.5_1} .. By [§1t+1?}'m+1]
Dl = — [27] - : , where: ¥ = :
1 —f- g
B Ynt —TH B [gnenbu) - B [P
(27)

Finally, the remaining weight S is determined from N weights above and the Euler pricing

equation for the home bond, FE; [%(1 + TH)] =1,

N
1 1
_ ~S B.(1+7 28
5H 1"‘7"H 1+"’H n:16( +ynt> ( )

SDF projector on net asset returns: In this alternative approach, we find the SDF

projector My by solving for weights b’s in a linear combination of all net returns on assets,

My (s) S (Ynt+1(3) )
SO Y bgrg 4+ ) by (R 1), WseS. 29
M. HTH ; Y., (29)

Mp |41 (Ym+1 . BHt+1)} _

The substitution of this projector into N Euler pricing equations FE; [ Mug, \ Yo B

0 for N home risky assets specified in (24) yields a linear system of N equations and N un-
knowns {b;} (i € {1,...,N}),

Ynt — TH

- =0 1,...,N}.
1+"‘H ) nE{, ) }

N
Z biEy [Yit41Ynt+1] +

i=1



This system is identical to (26), hence its unique solution coincides with (27),

by B1 X Yy — TH
— | | = — [yt : 30
: 1+TH[ ] : : (30)

by BN Yne — TH

with the covariance matrix ¥ given in (27). The remaining weight by is determined from N

weights above and the Euler pricing equation for the home bond, E; [%’Il(l + T’H)] =1,

rg |1 +ry

1 1 al
by = — —1- anym] . (31)

n=1

Equivalence of the two projectors: by comparing (25) with (29) (using solutions (28),

(30) and (31)), we have,
MH||t+1(S) . MH||t+1(3)

My Mg

That is, in discrete setting, SDF projectors on gross and net asset returns are identical.

A.2 Continuous Settings: Notation and Properties

The notation for discrete settings is self-contained in Section 2. Here, we instead recapitulate

the notation used in continuous settings (Sections 3-4).

Let B; denote the risk-free bond (a.k.a., the money market account) which earns the

instantaneously risk-free rate r; when denominated in country [I’s currency, % -1 =

dBé—t;‘“ = rpdt, I € {H,F}. The n-th risky asset gross return follows a jump-diffusion
process in home currency (n € {1,...,N}),

dY;::dt = pndt + YL owidZu + Yies (€8 1) ANy — Ty (A - 1) Adt
pndt  + ol'dZ, + STdN - ST \dt,

(32)



where,

Onl AN On1 efnt — 1 N
on = . Iy = , Op = = , N = ,
Ond Zat OnJ I eBrt — 1 N
M B 0
A= |, A = Diag(\) =
A 0

(33)
There are d diffusion risks and J types of jump risks (indexed by J = {1,...,J}) in the
economy. Accordingly, d x 1 vector Z; denotes a standard d-dimensional (independent)
Brownian motion; J x 1 vector N; a standard J-dimensional (independent) Poisson counting
process of corresponding arrival intensities in J x 1 vector A; d x 1 vector o, the volatilities;
and J x 1 vector d,, the net jump sizes of the return on asset Y,,. When a jump of type
i € J arrives, Nj; increases by one, and n-th asset’s gross return increases instantly by a

multiplicative factor of e®i, or,*

= e~ Vne{l,...,N}, VneJ.

Throughout, we adopt a convention for the jump risk notation such that if the jump risk of

type ¢ does not affect asset Y,,’s return, then we identically set A,; = 0.

Stacking returns on all N risky assets yields,

% H1 011t 01d O11 -+ Ou
= : dt + : : dZ; + : : [dM — Adt]. (34)
dyy—x HUN ON1 **° ONd onNt -+ Ony
M oT T

As an illustration of the notation above, consider a portfolio P of weights {az, {a, }Y_;} on

34Equivalently, the return’s growth rate (or log return) increases by an additional factor of A,;. Only
when jump sizes are small (which we do not assume in the current paper) 6,; = e — 1~ A,;.



respective assets { By, {Y, }2_,} (8), (32),

N N
Py :aHBHt‘l'ZanYnta 04H+204n =1
n=1 n=1
The return on portfolio P is,
P, dP,
jgtdf —1= %dt = ppdt + ohdZ; + 85 (dN; — \dt) (35)
with,
N
v op1 Zn:l aP'r:Ynto'nl
OéHBHtrH + Zn:l anYnt,un . .
Hup = P 3 op = : = : 5
! ZN anYntOnd
Opd B
N n
5p1 YAV | 2n=1 Oélr;tynteA '
6P == pu— =
5PJ eAPJ -1 ZTIY:I a;;z/meAnJ -1

Notice that the portfolio return (35) has a compensated jump-diffusion form (similar to asset
returns (8)), so that up is the (risk-compensated) expected return, pp = 3 E [%ﬁdt]. We

now employ this notation in the exchange rate and return processes in the foreign currency.

Asset Returns in the Foreign Currency (10): Substituting the asset returns {Y,} (32)
(in the home currency) and the exchange rate process e (7) and applying Ito’s lemma yield

the asset returns {Yp, = €Y,,} in the foreign currency (10), in which,
/’LF’I'L — ,LLe + ,LLn + O-,Zjo-e + ZZEJ Al (6A6i+Ani - ].) - Z’Lej )\Z (eAnZ - 1)

eAFn1 _ 1 elertAn _ q (36)

>,

T

3
Il
|

Ofn = O¢ + Op,

YAV Y g | eBestBny _ 1

Similarly, for the return on the home bond in the foreign currency eBy, the Ito’s lemma



yields the return process in (10), in which,
B = e+ + Y g Ni (€2 —1) = pre + 7 + (6)" A,

ehrHl — ] efet — 1 (37)

OBH = Oe, Op = : -

elBHI _ ] eler _ 1

Finally, for the return on the foreign bond in the home currency %, the Ito’s lemma yields

a return process ABrea/Coa) — it 4 6T dZ, + 65, (AN, — Adt) (8), in which,

Bri/et
_ A _ 1 ~
Opp = —0c, Oppi=e€¢ " —1l=——-1 VieJ, (38)
UBF =TF — fe + 0L 0e + Z;] OBFiNi =TF — fe + 0L 0 + 05,
where dpr = (0pr1,...,05rs)T is the J x 1 jump size vector of the foreign bond return in

the home currency Z£.

Pricing across Currencies: Let M, g and M, r be any pricing kernels that price traded
assets (8) correctly respectively in the home and foreign currency. Hence, those kernels
can be the true SDFs My, Mp, the SDF projectors My, Mgy, or other consistent pricing

kernels. Assume these kernels follow general jump-diffusion processes,

Mitar - dMryar

It = —rdt —7FdZ, + 6T (AN, — Adt), Te€{H F},  (39)
M Mrp

where in accordance with our notation convention, the J x 1 vector d; records the jump sizes

{ZZI} of the growth of the pricing kernel M;,

511 EA“ —1

o1 , [E{H,F}

5[] BA” —1

The fact that ]\Z, I € {H,F} prices all traded assets in respective currency I generates



important pricing consistency constraints. We derive theses constraints explicitly before

stating a key result of the no-arbitrage pricing across currencies (Proposition 1).

First, by construction, the above jump-diffusion process assures that risk-free bonds are

priced correctly. Indeed, th [%} = —ry, which implies E; [(1 + dM“*“) (1+ rldt)] —
It

1, or indeed M prices the risk-free bond By in currency I, for I € {H, F}.%

Second, the home pricing of the N risky traded assets (8), F; [% Y"Yt—t‘“} = 1, implies,
Ht n

i — TH = 00 — Z/\ ( Ari ) (eA’”' —1) =0, —0hAS,, Vne{l,...,N}. (40)
ieJ

Third, the foreign pricing of the n-th asset, F; [M]%twt €t+zz§nz+dt] = 1, implies for all n €
Ft n
{1,...,N},

HUFn —TE = ;7?0'}7” — Z >\z (eAFiJFAFm — 1) -+ Z )\z (BAM — ) Z )\ AFm — ) .
eJ iedJ ieJ
Substituting asset return moments pipy,, 0p,, Apy; from (36) into the above equation yields,

Un + e —TF = ;7%(0'6 + Un) - O-ZO-n - Zz‘ej Ai <€zF1+A€i+AM - 1)
(41)

+2ieg M (ezm N 1) +2iea M (eAM - 1) :

MFt+dt et+dtBHt4dr | _ 1
B - 5
M, etDHt

Fourth, the foreign pricing of the home bond, the Euler equation E; [

Ft

implies,

,uBH_TF:%UBH_Z)\i(ezFiJrABHi_1>+Z)\i<€zﬂ_) + ) N (e 1),

eJ ieJ eJ

where the notation follows from (10). Substituting pupm, opr, Apm from (37) into the above

35 After explicitly accounting for the home pricing of the home bond and the foreign pricing of the foreign
bond, we are left with the following pricing equations; (i) the home pricing of the risky assets, (ii) the foreign
pricing of the risky assets, among them the home bond (which indeed is a risky asset to foreign investors
because of the exchange rate risks).



equation yields,

e + T —TF = '77%0'@ _ Z)\Z (eAFi"FAei _ 1) + Z)‘l <€AFi _ 1) ] (42)
ieJ ieJ
With all pricing consistency constraints having been derived, we now present an important

result.

Proposition 1 Assume arbitrage-free, frictionless and perfectly integrated international fi-
nancial markets (Assumptions A1-A2). Given (i) general asset return processes (32), (ii)
the general exchange rate process (7), and any general pricing kernels MH and MF (39) that
price all traded assets in respective currencies H and F. For every traded asset 'Y, we have

the following pricing identity,

077; (ﬁH _ ﬁF + Ue) + Z)‘Z (eAm‘ _ 1) (ezFr‘rAei _ eZHi> =0, Ynel,...,N. (43)
ieJ
Collecting above equation for each asset Y,, we have a system of N equations, in matric

form,

N1 — NF1 + Oet

o1 ... O | 0 ... b1 NHd — NFd + Ocd 0
| . X - - — =1, (44)
ON1 ... ON4 | 5N1 5NJ )\1 (ezFl_'_Ael —eZHl) 0
EANZ%J)

\J (eZFJ+AeJ _ eZHJ)

where recall that 0,;, n € {1,...,N}, i € {1,...,J} is the jump size associated with the jump

of type i in asset Y, ’s return.

Proof: Observe that for each traded asset Y,,, we have a trivial identity,

,un_l',ue_rF:Nn_rH + Me+rH_TF~
—_——— —— —_——

given in (41) given in (40) given in (42)

8



Substituting (41), (40) and (42) into the above identity yields the desired identity (43) for
each and every asset Y,. Assembling all these equations for the set of traded assets yields

(44) m

It is important to note that in system (44), all asset characteristics are in N x (d + J)
matrix A (also defined in (44)) of “coefficient”, while all pricing and exchange rate character-
istics are in the (d+ J) x 1 vectors of “unknowns”. This classification and separation allows
us to reformulate the fundamental issue of relating the exchange rate to country-specific pric-
ing dynamics (SDFs) in a rigorous and quantifiable framework. Indeed, our study evolves

around analyzing the consistency (i.e., solvability) of the no-arbitrage system (44).

Proposition 2 Assume frictionless and perfectly integrated international financial markets
(Assumptions A1, A2). Let e; be the exchange rate process (7), and M (and Mpt) (39) be

any pricing kernels respectively in the home (and foreign) currency. Then,

My

1. et]\N/[ ¢ prices all traded assets consistently in the home currency. Similarly, ot prices

all traded assets consistently in the foreign currency.

2. If etﬂpt and MHt have matching (i.e., identical) diffusion and jump terms, then

e;Mp; = Mp,.>% The respective result holds for the pair M ond Mp,.

€t

Proof:

1. Because M, ¢ prices assets in the foreign currency, we have for every traded asset Y,

1= E [MFt+dt YFtert] _ g [MFt+dt €t+th£+dt] _ g [et+dtMFt+dt Y;f+dt]  (45)

M, Y ey et M, Ft Y,

Mpt MFt

Because Y is the asset’s price in the home currency, the above equation is an Euler
pricing equation in the home currency. This proves that eM, r 1s a consistent pricing
kernel in the home currency. By similar arguments, % is a consistent pricing kernel

in the foreign currency.

36That is, we do not need to exogenously impose the matching of drift terms (associated dt) to imply the
identity e;Mpy = Mpy,. This matching of drift terms follows implicitly from the pricing of bonds.



2. As a special case of (45), these two pricing kernels (in the home currency) consistently

price the home bond By, they must have identical drift terms,

iEt €t+dt{\{Ft+dt _1] = lEt M/Iit—i—dt 1| =y

dt e Mry dt My

Now if we assume that e,j\? r and M, ¢ also have matching diffusion terms (associated
with dZ;) and jump terms (associated with dN;), then these two kernels are matched

in all terms and thus are identical (i.e., eJ\Z Pt = M, ) almost surely under standard

regularity conditions.*” W

A specific application of Proposition 2, in which pricing kernels M, Hits M, F Tespectively are
SDF projectors My, Mgy, is essential in deriving the main Theorem 1 (see Proposition 5

below).

A.3 SDF Projectors in Continuous Settings

In the difference with discrete settings, a consistent construction of SDF projector in con-

tinuous settings is necessarily on net asset returns.
(A) Uniqueness of the SDF projector:

We start by looking for the home SDF projector linear in net asset returns,

Muyerar _ g 4 g gt + i 3 <Y"t+‘“ . 1) (46)
My ~ Yot ’

which mirrors the projector (29) in discrete setting,*® and 7 is the home risk-free rate. Next,

substituting asset returns (8) in the home currency into the representation (46) and applying

3TThese standard regularity conditions assure the uniqueness of the solution to the stochastic differential
equation (39).
38(46) is also the representation (9), in which the foreign bond is explicitly a risky asset to home investors.

10



[to’s lemma, we can rewrite the home SDF projector growth as a standard stochastic process,

My a ~
et = —rwdt — gy dZy+ 3 g (€210 = 1) (dN — Aidt)

(47)
- —rpdt — 0l dZ, + 65, (dN; — Adt)

and obtain home prices of diffusion risks (ng) and of jump risks (d)) by respectively

matching diffusion (dZ;) and jump (dN;) terms. Specifically,

N
N = — Zﬂngn = _0-67 (48)
n=1

where o is the d x N asset return volatility matrix (34), and 8 = (834,...,8n5)" the N x 1

coefficient vector determining the home SDF projector (47), and
eBHli — ] = Z B (eA’”' — 1) , or in matrix notation, dg = 5T, (49)

where § is the J x N asset return jump size matrix (34), o = (e —1,... e/ — 1)T
the J x 1 jump size vector of the home SDF projector. Finally, the matching of drift terms
dt yields,

—TH — Z A (eAHHi - 1 = Bury + Z Brpin — Z B [Z Ai ] (50)

ieJ 1€J

Intuitively, the requirement that the linear representation (9) of SDF projector growth
prices correctly the N 4 1 basis assets {BH, {Y, 1N 1} in the home currency generates a
linear system of N + 1 equations and N + 1 unknowns { Bu, {Bn}nzl}. As a result, there
exists a unique SDF projector solution My ;. Indeed, the Euler pricing equation of as-
set Y,, E; [(1 + WJ—W) (1 + W;—:;“)] = 1, implies the return premium on asset Y,
Vn € {1,..., N}, (which is a special case of (40), for which the consistent pricing kernel
MH is chosen to be the SDF projector Myy),

MUn —TH = T]HHO'n Z)\ AH” — 1 ( Ani _ ]_) = nEHJn - (517;”/\(5” (51)
ieJ

11



where in the last expression we have used notations in (33). Substituting 7z and éz) from

(48), (49) into the above equation gives one equation (per a priced asset Y,,) for the weights

{aHn}7
N N
o =T ==Y B0t on— > Bi(0) NS, = — [oLo + (6,)"AS] B, Wne{l,....N}.
k k

Now stacking all N equations (n € {1,..., N}) we obtain a system of equations pricing N
home risky assets,
M1 —TH B
: =—(cTo+0"AS) | |, (52)

UN —TH Bn

where volatility matrix ¢ and jump size matrix 0 of asset returns are as in (34). The above

linear system yields a unique solution for the weight vector § of the home projector,

B M1 —TH
B=| + | ==(c"o+ 5TA5)_1 : (53)

BN UN —TH

The remaining weight Sy (associated with the home bond) is determined from the require-
ment that My prices the home bond. That is, by virtue of (50), 8y = —1 — % ij:l Brfbn,

in which weights § have been obtained in (53). These results confirm the unique linear

representation for the home SDF projector (9).

Having solved for the unique weights {8, {3.}2Y_,}, we now obtain explicit expressions
for the home prices of diffusion and jump risks by substituting these weights respectively

into (48) and (49),

et — 1
NH| = 0 (O'TO' + 5TA5)71 I, o) = : =—0 (O'TO' + 5TA5)71 I,

eBHls — 1

where asset return diffusion matrix o and jump size matrix ¢ are given in (34).

12



(B) SDF projector as the minimum-variance pricing kernel:

The derivation of this result is standard and is reproduced below for the sake of completeness.
Let M, r and My respectively be any consistent pricing kernel (that prices assets consistently

in the home currency) and the unique home SDF projector.* We define,

dMpLirar _ AMpiia  AMpia

MHJ_t M MHIIt

Because both M, r and My price asset returns in the home currency consistently, the risk

premium on a traded asset can be determined by either kernels. We have,

5 [dﬂmdt dYoirar

i dMpjt+ar dYant} = B dMp 1ivat AYnivar —0,
MHt Ynt

] A N VA Yo

M4

for all traded assets Y,,. Next, because the projector My is linear in these asset returns (9),

the last equality implies the following orthogonality,

dMy 11+ ar AMpjeran B
E, — =0.
My, Mup

From this orthogonality follows an inequality among the total variances,

dM, dM dM, dM
Var, LR Var, ( HllHdt) + Var, AL tdt > Var; (—H”Hdt> ,
Mp, My My My;

which completes the derivation of the projector My (9) and its uniqueness W

We remark that while the projection (9) and its derivation refer explicitly to the home
quantities, these results arise in arbitrage-free and frictionless markets. Therefore they
hold generically for any country. Furthermore, both properties (uniqueness and minimum-
variance) of the SDF projector hold in general jump-diffusion settings, regardless of whether

asset market risks are entangled or completely disentangled.

It is important to observe that, in continuous settings, the projection construction above

necessarily concerns the net growth of the SDF projected on the net growth of asset returns.

39Because the projector M || is unique, we simply do not associate a “hat” notation with it.

13



This is because, in contrast with discrete settings, the projection of the gross growth of
the SDF on the gross asset returns in continuous time imposes an extra non-redundant
constraint on coefficients §’s in matching the free terms (beyond the matching constraints on
respectively the drift (dt), diffusion (dZ;) and jump (dN;) terms). As a result, in continuous
settings, the extra constraint renders such a projection of SDF gross growth either infeasible
or (if infeasible) pricing-inconsistent in either single-country or international (many-country)

frameworks.*’
Accordingly, the following remark summarizes the simplified notation employed in the

paper.

Remark 1 Throughout the current paper, an equality between two stochastic processes (e.g.,
SDF projectors or asset returns) Ay, By always means the matching of the stochastic growth

rates of these two processes,

dA, _ dB S - _
G- =B simplified notation: A; = By,
. dAy — Atpar dBy — Biiar
where: Gr=—4c-1 Fr=-j*-1

The above equality matching is a convergence in mean square (i.e., norm L2 ).

Hansen-Jagannathan Bounds for Jump-Diffusion Settings: For specificity, assume

that country I’s gross market (cum-dividend) returns follows jump-diffusion process,

J
S + Dy dt
Ripvar = “*dts—“ = 1+ pgrdt+08,dZ,+ Y (e — 1) (dNiy — Medt), T € {H,F}.
It
k
(54)
The Euler pricing equation Ej [%ledt] = 1 for country I’s equity market return yields

40The point is, while SDF projectors are pricing kernels linear in asset returns, they are not proper portfolio
returns. Therefore, the matching of the free term can be done simply in two separate steps: (i) matching

SDF net growth WMHin with a linear combination of net asset returns as in (9), and then (ii) adding the

trivial free term of 1 to both sides of (9). On the other hand, the matching of the SDF gross growth

Mg t+ae
My

. . o . . M N Y,
with a linear combination of gross asset returns in a single step, %‘:ﬂ = Bo(l+rmdt) + 32, B =521,

is both inconsistent and unnecessary. See (Maurer and Tran, 2016) for further details.

14



the respective equity premium,

N

1 dM dM 2
Hsr —rr = —acm’t <ﬁ ) th+dt) = _,0;,:1 |:Vart (ﬂ)} [VC”“t (th+dt)]

(55)

In the above expression, variances are total (i.e., consisting of both jump and diffusion risks),

1 dM 1
—Vary ( I||t+dt) = TI}FHWII"")"? (eAIHk - 1)2’ “Var, (Rrssar) = Uglasﬂ_)\k (eAS,k _ 1)2 7
dt My dt

(56)
and py s denotes the correlation between the SDF projector and the respective equity market
return,

dM7|[¢4dt T]?HO'S] +37 N (eRrmr — 1) (eBsrs — 1)
pr,s1 = Corry Mo Rrivar
It

\/77?”771\\ + ZZ )\k (eAIHk - 1)2\/0':%:10'3[ + Zi )\k (eAS'Ik _ 1)2

An application of the Cauchy-Schwarz inequality, (3 U,V,)* < (32, U2)(32, V;2), for the
following (d + J)-vectors U, V,

= N/ A _ = o/ Asrk _
U= {m”“ Ak (e 1)}1'6{1 ..... d},ke{l,..,.J} V= {USI“ Ak (e 1>}z’€{1 ..... d}y.ke{1,...,.J}
(57)
then assures a proper bound for the correlation, |p;s;| < 1. Substituting this bound into

(55) in turn gives rise to the H-J lower bound for the SDF projector’s volatility (19).

Deriving Equation (23): We start with the conditional variance,

Mu\tvar  ervar MF||t+dt)

Var(
! Mp . er  Mpy

(58)

MH||t+dt) <6t+dt MFt+dt> (MHt+dt Cryat MF||t+clt)
= Var (— +Var,| —————| —2Cov , .
! M "\ e Mg ! Mg e Mpy

Now we employ two well-known (empirical and implied) features that (i) the exchange rate
growth is smooth (with annual volatility around 10%), (ii) SDF projector growths are volatile

(with annual volatilities around 50% as implied by the Hansen-Jagannathan bound to accom-

15



modate equity premia). Adopting these features, stochastic movements in the SDF projector

growths are the main driver of the above variance. Accordingly, in the first-order approxi-

mation, we substitute the (gross) exchange rate growth eie*—dt by its conditional expectation
t

ge = E, [6’;*—;“} in (58), which now becomes,

M M
Var, < Hljt+dt  Citdt F||t+dt> (59)
M e Mgy
MH||t+dt) (MFt+dt> (MH||t+dt MFllt—i—dt)
~ Var (— +¢?Var, | ——= ) —2g.Cov : .
"\ My, 9e T M, SN My M

In a symmetric and reasonable configuration in which SDF projector growths have similar

volatilities, Var, (%) ~ Var, (%) the above expression simplifies further to,

Var, <MHHt+dt _etydt Mpjitar

Mp et Mpy ) - { 2 (MH||t+dt MF||t+dt)}
Vv M|+ at - 1+ge 296007’7’,5 MHHt ’ MFHt ’ <60)
arg MHHt

The last equation is equivalent to (23). Also observe that because the exchange rate is

smooth, its mean gross growth g. ~ 1 W

B Proofs of Main Theorems

In this Appendix we derive Theorems 1 and 2. In particular, the proof of Theorem 1 offers
valuable insights into the nature of the risk entanglement concept, and it is instructive to be
presented in key steps. In order, Section B.1 establishes the sufficiency and Section B.2 the
necessity of relationship (13). Section B.3 derives Theorem 2 and also reflects on the asset

market view of the exchange rate determination from technical aspects of risk entanglement.

16



B.1 Theorem 1: The Sufficient Condition

This section demonstrates that: assuming A1l and A2, if every risk impacting the exchange

rate e; can be singly traded in financial markets, then e; is the ratio of SDF projectors,

My

=——, Vtel|0,00 61
L e (6]

Exchange rate risks are completely disentangled — ¢

Because the projectors (9) are constructed on the net growth quantities, the above equality

M \¢4-dt /MHHt
MFp||t4de Mp ¢

. d
rigorously presents, <t = d (

(see Remark 1, Appendix A.2 for notation).

Plan of Attack: Starting from the assumed complete disentanglement of exchange rate

risks, the derivation of this sufficient condition for the Hypothesis H proceeds as follows.

S1. First, completely disentangled exchange rate risks implies that the entire asset space
R can be decomposed into two mutually orthogonal (i.e., uncorrelated) subspaces; a
set R. of all assets sensitive to exchange rate risks, and a set R. of all assets neutral

to exchange rate risks.

S2. Second, the components of the home and foreign SDF projectors concerning assets

neutral to exchange rate risks are identical," Mp)|» = Mp|5 -
€ €

S3. Third, the components of the home and foreign SDF projectors concerning assets

sensitive to exchange rate risks satisfy, My |R =e Mp R."

Taken altogether, these results prove the sufficient condition (61). We now carry out this
attack plan in detail.
Step S1: Orthogonalizing the asset risk space

Recall that R (defined above (8)) is the set of all asset returns in the home currency."?

From the home currency denomination perspective, let R, be the set of assets that load on

41Recall from equations (9) and (11) that SDF projectors are linear in asset returns. Therefore, each
component of SDF projectors simply is a return on some asset.

2Formally, R is the set {Bp, {Yn}n—1~} when expressed symbolically in the home currency, and the set
{Br,{Yrn}n=1~} = {Br,{eYn},—1~} when expressed symbolically in the foreign currency.
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exchange rate risks together with the home bond By, and R, the complementary set of all
other assets, R, = R \ Re.

Because exchange rate risks are completely disentangled, by definition, there exists a
basis for R. in which each asset loads only on a single exchange rate risk. Furthermore,
the decomposition R = R. U R, has the following orthogonality and currency-neutrality

properties.

Proposition 3 (Orthogonal Decomposition) When the exchange rate risks are com-
pletely disentangled, it is possible to construct a decomposition R = R. U R. such that
no assets in R. load on exchange rate risks. Consequently, the asset returns in the home

currency R and in foreign currency Ry span an identical risk space,
R=R.UR,=Rrp, ReNR. = 0. (62)

Proof: Consider a generic asset Y; € R, that loads on exchange rate risk ¢ of either diffusion
or jump nature.*® Let Y; € R. be the asset that loads singly on this exchange rate risk 4.
Such Y; exists because the set R, is completely disentangled. By linearly combining Y; with
Y; € R., we can form a new asset (portfolio) that does not load on risk ¢ (see the discussion
below (35)). By repeating this process, we can remove all exchange rate risks from asset
Y,. This procedure then produces an asset basis for R, in which all assets are neutral to

exchange rate risks.

Next, the entire asset return space in the foreign currency is captured by Ry = eRy =
(eR.) U (eﬁe). On one hand, because R, is already completely disentangled, multiplying it
by exchange rate process e (which obviously carries only exchange rate risks) does not add
new risk dynamics to it. As a result we have the identity eR. = R.. On the other hand,
because the risks carried by R, are orthogonal to the exchange rate risks carried by e, we

have eR. = e UR,.. Combining these two results yields,

Rp=R.U(eUR,) =(R.Ue)UR, =R.UR, =R, (63)

43 Asset Y; may also load on other (exchange rate and non exchange rate) risks as well.
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where the third equality arises because all exchange rate risks carried by e are already in

Re. The last identity completes the proof of Proposition 3 B

Step S2: SDFs Projected on Non Exchange Rate Risk Space

Recall from either representation (9) that the unique home SDF projector is linear in asset
returns in the home currency. When the asset return space is decomposed into two subspaces
(as in step S1 above) in the home currency, we can also partition the home SDF projector

accordingly into two groups of terms,

d Mg+t
+ — 64
My |- (64)

dMH||t+dt Z 5ndynt+dt Z BndYant _ dMHHH—dt
n Re

My ¢ Mpy

nERe n nERe Re

Similarly, for the foreign SDF projector (11), using fact (63) that the asset return space is

currency-neutral yields,

dMpjerar Z > AYpniyar Z > AYrpirar _ AMpjiyar
YFnt YFnt N MF||t

TLER& Re

Continued with the orthogonal decomposition and currency-neutrality (62) of the asset re-

turn spaces, we have a further intuitive pricing result.

Proposition 4 (Non Exchange Rate Risk Pricing) When the exchange rate risks are
completely disentangled, the non exchange rate risks earn identical compensated returns in
either currencies. Consequently, SDFs projected on the non exchange rate risk space are

tdentical,
AMpe+ar

M

_ dMFpjirar

7. My

(66)

Re

Proof: Consider a generic asset Y. € R.. Observe that Y, loads only on non-exchange rate
risks because the set R. is orthogonal to R, (Proposition 3).** Let 7iy, be the expected

return of this asset in home currency, or iy, = 5 E; [%ﬁ‘”] (see (8)). The expected return

44Asset Y. may also load on multiple non exchange rate risks because the set R. is not necessarily
completely disentangled.
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of the same asset in foreign currency then is (see (10)),

_ 1 d(et+dtyet+dt)
= —F | ——) 177
:uFYe dt t [ etYet

] = :UYe + He, (67)

where . is the drift of the exchange rate (7). In the last equality we have used Ito’s lemma
and the fact that the non exchange rate risks carried by asset Y is orthogonal to the exchange

rate risks carried by e.

MHHtert Yit+dt

The application of the Euler pricing equation in the home currency, E [ My Vo

1, yields the risk premium on asset Y,

dMp )i+t
M,

Ty, —rag = —Covy <

d?6t+dt > (68)
- ) Yet )

where we have used the representation (64) and the orthogonality between exchange rate risks

in R, and non exchange rate risks in R,. Similarly, using (65) and the same orthogonality,

MFHH—dt €t+dtZet+dt
Mp etY et

the Euler pricing equation F; [ ] = 1 in the foreign currency yields the foreign

risk premium on the same asset Y.,

AMp|t+at
Mpy

Ppye —Tr = —Cou (

d?eHdt) Cou ( AMFp |1
3 > - t
Re Yet

d€t+dt ) ( 69)

R, G

Mp|t1dt errarBretat
Mg et B¢

,de“dt). Substituting
Re 4
this identity into premium (69), then combining it with (67) and (69) obtains,

A case similar to the above premium is the foreign pricing of the home bond (8), F; [

AMp|iya
Mp)¢

1, which gives rise to an identity, p. +rg — rp = —Cov; <

dM dy. dM dy’, _
Cov, ( H|t+dt , _t+dt> — Cou, ( F|t+dt ’ _t+dt> 7 VY. eR,. (70)
M R. Yot Mpy 7. Y.
This identity shows that every non exchange rate risk is priced identically by either WJ—W -
or W]\;—W = and therefore, also priced identically by the full projectors M]\ff—[w and
AMp|trar 45 ‘
Mpye

45This is because of the orthogonality in (62): asset Y, € R, is not priced by (earning zero risk premium)

AMp |t 4dt

dMFp | t4at
and —
Myt

by components e | of SDF projectors which are only sensitive to the exchange

Re
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By virtue of the projection (9), there is a unique pricing kernel that is linear in returns on

N : te 3 : dMH|\t+dt dMFHH—dt
assets Y, and prices these assets. Apply this insight to My |, and ey | (both are

e

linear in asset returns in R, by constructions (64)-(65), and price all such assets identically

(70)), proves (66) B

Step S3: SDFs Projected on the Exchange Rate Risk Space

We next turn to the SDF projector components that are sensitive to the exchange rate risks.
Intuitively, the exchange rate risks are completely disentangled, asset markets are complete
regarding the exchange rate risks. Therefore, the complete-market standard identity between
the exchange rate and the ratio of SDFs holds within this exchange rate risk space. Formally,

we have,

Proposition 5 (Exchange Rate Risk Pricing) When the exchange rate risks are com-

pletely disentangled, SDF's projected on the exchange rate risk space satisfy,

AMpr|e+a d (€t+dtMF||t+dt)

= . 71
M etMp ” (71)

Re

Proof: Consider an asset Y; € R. that loads singly on an exchange rate risk ¢ of either
diffusion or jump nature. Such Y; exists because the set R. is completely disentangled.
We first make use of a general result concerning the no-arbitrage pricing across currencies,
namely Proposition 1. Because this Proposition applies for any pricing kernel that prices
all traded asset correctly in the home and foreign currencies, it holds for SDF projectors.
Accordingly, with projectors My, My being the pricing kernel in equation (43), applying

that equation on every such asset Y; (which loads only on one exchange rate risk i) yields,

NH|ji = NF|li — Oei> Agi = Api + A, Vi € Re. (72)

That is, system (43) is completely decoupled into a set of simple identities, each concerning

only a single exchange rate risk ¢+ € R, , when the exchange rate risks R, are completely

rate risks.
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disentangled. Observe that identities (72) constitute the matching of respective diffusion
and jump terms on left- and right-hand sides of (71) for every exchange rate risk i € R..
Because either of these sides prices assets in the home currency consistently, the matching
of drift terms (i.e., terms associated with dt) is then warranted (see Proposition 2). This

proves identity (71) for every exchange rate risk i, and hence, proves Proposition 5 B

Connecting the Dots

Aggregating results of Steps S1-S3 establishes the sufficient condition (61). First, by adding
one to both sides of identity (71) of Proposition 5, we have,

<1+ d€t+dt> 14 AMp |t+at (1 dMpje+ar '
R. Muye g,

€t MFHt
Second, because non exchange rate risks R, are orthogonal to the exchange rate risks in

de
e )
det+dt dMF||t+dt

— 0= deryar AMHu|tyas
et Mp)

. As a result
Re et Mp 4 ’

we have the cross terms

Re

(1 4 d€t+dt) dMF||t+dt _ (1 i d€t+dt) dMH||t+dt

€ Mp; R. €t My Re
Adding the last two equations yields,
<1+ d€t+dt) " dMPp|ivar dMPp|iyar (14 AMtvar dMp|¢4ae |
e Mpye r,  Mrpe g, Mupe e, Mupe g,

which is
Ctidt MF\|t+dt o MH||t+dt

€¢ MF||t MH||t

This last identity proves the sufficient condition (61) (see also Remark 1, Appendix A.2).
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B.2 The Necessary Condition

This section demonstrates that: assuming Al and A2, if e; is the ratio of SDF projectors,

then every risk impacting the exchange rate e; can be singly traded in financial markets,

Vt € [0,00) = Exchange rate risks are completely disentangled. (73)

Again, because the projectors (9) are constructed on the net growth quantities, the above

. . desyar  gMu|tvar ) M| :
equality rigorously presents, =% =d Mo / M, (Remark 1, Appendix A.2).

Plan of Attack: Starting from the assumed equality of the exchange rate and the ratio of
SDF projectors, the derivation of this necessary condition for the Hypothesis H proceeds as

follows.

N1. First, the key identity e = ﬁ—;"“' is equivalently transformed into a system of linear

equations establishing Meit”t as a linear combination of asset returns {eY}, } in the foreign

currency.

N2. Second, when exchange rate risks are entangled, with probability one this system of

linear equations has no solution, or equivalently the identity e = J‘Af[—:‘“' does not hold.

Therefore, the identity e = “" implies completely disentangled exchange rate risks, which

Mp

proves the necessary condition (73). We now carry out this attack plan in detail.

Step N1: Constructing a Linear System

To quantify the viability of the identity e = ?\/14—;"“' in the necessary condition (73) of Theorem

1, we construct a system of linear equations which is equivalent to this identity.

To this end we linearly project the ratio of @ on the space of asset returns denominated

in the foreign currency. That is, we look for weights (’s in the following linear spanning
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involving the growths of the concerned quantities (see also Remark 1 for notation),*®

Mg |etae N v
€ttdt 6 Fnt+dt (74)
M n YF : ’
n=0 n

€t

Before addressing the viability of this linear projection, we make a simple observation on the

equivalence between the identity e = ]]\\44—1;” and (74).

Proposition 6 The linear spanning (74) exists if and only if the Hypothesis H on the asset

market view of the exchange rate determination holds.

Proof: First, we observe that the expression on the left-hand side of (74) is a consistent
pricing kernel in the foreign currency. This is because projector My is a consistent pricing
kernel in the home currency. Indeed, this consistency can be seen in the explicit pricing of

asset Yp, = €Y, in the foreign currency,

My |¢+de My |t 4de

ertdt YFnt+dt et dt €t+thnt+dt My ||lt+dt Ynt+dt
E Wi = t i = Et = 1, Vn
eHHt YFnt fllt etYm MH||t Ynt
t t

Next, as a result of projection (9), there is a unique such pricing kernel in the foreign currency

(that is linear in asset returns and prices these returns). Therefore, this pricing kernel must

Mp|t+dt
be identical to the foreign SDF projector, or i};‘ﬁi = M&&Ldt, which proves the proposition

et

The above result simply allows us to equivalently substitute the necessary condition (73)
of Theorem 1 by the viability of expressing the ratio @ as a linear combination of asset
returns in the foreign currency, i.e., the spanning (74). Observe that (74) is linear system of
unknown weights {5, } and equations (matching of every independent risk entering the left-
and right-hand sides of (74)).*" Crucially, Proposition 6 hence suggests standard counting

arguments concerning the number of the unknowns and constraints underlying (74) to assess

46Notice that the linear spanning is not necessarily a portfolio representation, therefore it is possible that
sum of weights differs from unity, Zﬁ;o Brn # 1. For simplicity of notation, the term corresponds to n =0
in (74) is associated with the foreign risk-free bond Bp.

4TRecall that the system (74) is the quest to express @ linearly in returns on Y, i.e., weights 3, are
sought-after quantities (or unknowns) in that equation system, given My, e and {Yp,} processes.
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its viability as a way to establish the necessary condition (73).

Step N2: Viability of the Linear System

The linear equation system (74) has N + 1 unknown {3,}, n € {0,..., N} (which is number
of traded assets in the international markets). To discern the number of equations, (which
is the dimension of risks impacting the system), let Rz denote the set of risks that enter
the linear system (74). The following result establishes risk entanglement as a sufficient

condition for the non-viability of (74).

Proposition 7 When risks R impacting the system (74) of linear equations are entangled,

the system is almost surely inconsistent and hence has no solution with probability one.

Proof: At an intuitive level, the idea behind the above result is a straightforward counting
argument. By the nature of the risk entanglement (Definition 1), when the risk set Rz is
entangled, the set of all traded assets is insufficient to singly replicate every risk in Rpg,
therefore,

Risk set Rp is entangled = N +1 < dim(Rp). (75)

Because (74) is a linear system of N + 1 unknowns {3,} and dim(Rz) linear equations (each
equation is a matching condition for one risk in set dim(Rgz)), the strict inequality in (75)
implies that the linear system (74) is almost surely inconsistent (having more equations than
unknowns).”® Continued with our intuition, the result in (75) simply implies that when the

risks in R are entangled, with probability one the linear system (74) has no solution H

Connecting the Dots

Aggregating results of Steps N1-N2 establishes the necessary condition (73). Specifically, note
that risks R contributing to (74) are the exchange rate risks and non-exchange rate risks.*’

Therefore, exchange rate risks R, is a subset of risks entering (74); R, € Rg. Consequently,

48 A technical and complete derivation of this intuitive counting argument makes use of the Sard’s theorem
to rigorously address the measure-zero event of redundancy of equations.

49The exchange rate risks R. enter the equation system via the explicit presence of exchange rate e in
(74). Non exchange rate risks may also enter the equation system via asset returns in either currencies. This
is possible because an asset may load on several types of risks a priori.
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if exchange rate risks R, are entangled, then risks in R g must also be entangled.” Combining
this result with that of Proposition 7 implies that if the exchange rate risks R, are entangled,

then with probability one the linear system (74) has no solution. Equivalently, we have,

Solution to system (74) exists = the exchange rate risks are completely disentangled.

Together with the equivalence between the viability of the linear system (74) and Hypothesis
H reported in Proposition 6, the above conclusion implies that, if Hypothesis H holds (i.e.,

My

€= 3, See also Remark 1 in Appendix A.2), then the exchange rate risks are completely

disentangled. This proves the necessary condition (73) of Theorem 1.

B.3 Theorem 2 and A Look-Back on Risk Entanglement

We observe that the notion of exchange rate risk entanglement has another equivalent inter-
pretation that is very intuitive. To discern such an interpretation we recall that in absence
of risk entanglement (e.g., pure-diffusion risk settings), spaces of asset returns denominated
in the home and foreign currencies are identical. That is, any traded return in the home
currency can be literally and linearly spanned by asset returns in the foreign currency.’!
This picture changes completely in the presence of risk entanglement in the exchange rate

as the following result demonstrates.

Proposition 8 The exchange rate risks are completely disentangled in asset markets if and

only if the asset return spaces in the home and foreign currencies are identical, R = Rp.

Proof: First, completely disentangled exchange rate risks implying the currency-neutrality
(i.e., currency-independence) of the asset return space (the sufficient condition of this Propo-

sition) is given by the orthogonal decomposition result of Proposition 3.

50The proof is by contradiction, as follows. Contrarily, assume that R is completely disentangled (and
R. C R and R, is entangled). Then by the virtue of complete disentanglement of risks Rg, there is at
least an asset loading singly on every risk in Rg, and thus every risks in R. as well because R, C R. But
the last result implies that R, is completely disentangled, which contradicts the assumption.

51This spanning is mechanical, because it does not involve the exchange rate factor. To see this, note that
in the absence of risk entanglement, multiplying with exchange rate does not alter the risk space, as the
familiar case of pure diffusion risk setting illustrates.

26



Second, when asset return spaces in the home and foreign currencies are identical, (recall
our simplified notation Ry = eR), we simply have R = eR. By iteration, therefore R = e*R

for any finite integer & > 0, in which e*R denotes the set of asset returns of the form

d(ef+tht+dt)
eth

composite asset return space {{R} N{eR}...N{e"R}} for any finite integer k& > 0. This

, with X being an asset in the original set R. As a result, R is identical to the

then implies that the exchange rate risks are completely disentangled in asset markets H

The combination of Theorem 1 and Proposition 8 immediately offers an alternative nec-

essary and sufficient condition for Hypothesis H reported in Theorem 2.
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